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Abstract  

Purpose – Optimization problems are formulated and solved to achieve a “pseudo-ductile” 
behaviour in the response of hybrid fibre reinforced composites under uniaxial traction. 
Design/methodology/approach – The composite material model is based on the combination 
of different types of fibres (with different failure strains or strengths) embedded in a polymer 
matrix. The composite failure under tensile load is predicted by analytical models. An 
optimization problem formulation is proposed and a Genetic Algorithm is used. Multi-objective 
optimization problems balancing failure strength and ductility criteria are solved providing 
optimal mixtures of fibres whose properties may come either from a pre-defined list of 
materials, currently available in the market, or simply assuming their continuum variation 
within predefined bounds, in an attempt to attain unprecedented performance levels. 
Findings – Optimal solutions of hybrid fibre reinforced composites exhibiting pseudo-ductile 
behaviour are presented. It is found that a fibre made from a material exhibiting relatively low 
stiffness combined with high strength is preferred for hybridization. Furthermore, the ratio of 
the average failure/critical strains between the low and high elongation fibres to be hybridised 
must be equal or greater than two. 
Originality/value – Typically, a ductile failure is an inherent property of metals, i.e., their 
typical response curve after the linear (elastic) region exhibits a yielding plateau still followed 
by an increasing in stress till collapse. In stark contrast, composite materials exhibit (under 
some loading conditions) brittle failure that may limit their widespread usage. Therefore, a 
“pseudo-ductility” in composites is valued and targeted through optimization which is here the 
main original contribution. 

Keywords Composites · Hybridization · Pseudo-ductility · Multi-objective · Optimization · 
Genetic Algorithm. 

1 Introduction 

Composite materials are attractive for lightweight construction (for example, in automotive 
and aerospace applications) due to their remarkable properties compared to the conventional 
structural materials (Jones, 1975 and Mallick, 1997). However, their use can be still limited due 
to their low toughness, compared to metals. Fibre hybridization in composites consists in the 



 

use of two or more different types of fibres embedded in a matrix. Hybridization can change the 
damage propagation mechanisms leading to the final composite failure in such way that 
improved overall properties and performance of the composite are obtained (Swolfs et al., 
2014). This is a promising strategy that is explored here in order to impart in composites a 
behaviour that is typical of metals. Therefore, a “pseudo-ductile” behaviour should be 
maximized in the context of composites where different types of fibres (two in the present 
work) are hybridized. Furthermore, in the fibre selection process, one may also ponder 
maximizing the overall composite failure strength. An optimal trade-off can them be sought 
such that overall composite toughness is improved. 

Modelling strength of hybrid composites is more complex than of non-hybrid composites. 
When a fibre breaks in a unidirectional (UD) composite, the broken fibre locally loses its fully 
load carrying capability stress over a certain length, called the ineffective length. 
Simultaneously, the nearby fibres take over the load of the broken fibre and are hence subject to 
stress concentrations. Both the stress concentrations and ineffective length depend on the type 
of the nearby fibres. This additional geometrical complexity makes modelling hybrid 
composites a challenging task (Swolfs et al., 2014). Zweben (1997) was the first author to 
model hybrid composites using an extended shear lag model. Later, several authors (Fukuda, 
1984; Mishnaevsky and Dai, 2014; Rajan and Curtin, 2015; Swolfs et al., 2015) made 
improvements to this field of research developing more accurate models. 

More recently, Tavares et al. (2016) developed two analytical models, used in the present 
work, to predict the failure of the composite materials under tensile load. The first model 
considers a bundle composed of two different fibre types, without matrix, named by hybrid 
tows. To account for the presence of the matrix, a second analytical model is used here based on 
the multiple fragmentation of the fibres. These authors also developed a micromechanical model 
in order to accurately simulate the tensile behaviour of composite materials and to analyse the 
mechanisms and sequence of failure. However, this latter model is not used in the scope of the 
present work (that deals with optimization) due to its high computational cost.  

The objective of this work is to analyse and optimize the behaviour of hybrid fibre reinforced 
composites, subjected to a tensile load, based on the two aforementioned analytical failure 
models. The ultimate goal here is to identify the optimal pair of fibres to hybridize and their 
respective volume fractions that maximizes the pseudo-ductile behaviour of the overall 
composite. Typically non-hybrid composite materials loaded in longitudinal tension are 
characterized by having a catastrophic failure with a stress-strain diagram as shown in Fig. 1(a). 
Fibre hybridization in this work consists in the use of two different fibre types, a Low 
Elongation (LE) and a High Elongation (HE) fibres. The HE and LE fibres have the highest and 
the lowest failure strain, respectively. In case the failure strains of the LE and HE fibres to be 
hybridized are different enough, one can achieve two types of stress-strain diagrams: (1) a 
diagram characterized by having a load drop as presented in Fig. 1(b) and (2) a diagram 
characterized by having a pseudo-ductile behaviour similar to Fig. 1(c). In this work, one targets 
this pseudo-ductile behaviour by solving an optimal design problem. A combination of fibres 
that is optimal means that there is continuity between the failure of LE and HE fibres in order to 
achieve a gradual failure typical of the pseudo-ductile behaviour.  

 
Fig. 1   Schematic stress-strain diagrams for (a) non-hybrid composites, (b) typical hybrid composites, and (c) 

pseudo-ductile hybrid composites (Swolfs et al., 2014). 



 

One parameterizes the composite response curve such that objective functions as the pseudo-
ductile strain, tensile strength and stress amplitude are defined. This allows for the shape control 
of the response curve such that a crash resistance curve (“r” curve) is sought as typical of 
metals. In view of several performance criteria identified a weighted sum or a multi-objective 
function can be used. The problem design variables may have a discrete or continuous nature 
depending on whether the fibres properties take standard values available in the market or one 
allows their continuous variation in a certain range. The results shown in this work demonstrate 
that the proposed optimization problem formulation is effective in identifying optimal 
combination of fibre materials for outstanding toughness and ductile behaviour of fibre 
reinforced composite materials.  

This paper is organized as follows. Section 2 presents a brief description of the analytical 
failure models used in this work. These models are used to obtain the response curve of the 
hybrid composite material and key features of that response can be parameterized as detailed in 
section 3. The resulting set of parameters is used in section 4 to define objective and constraint 
functions as part of an optimization problem. Such problem is formulated here and solved using 
the aforementioned analytical models for failure prediction coupled with a Genetic Algorithm 
(GA) as described in section 5. Optimal hybridizations of fibre materials are presented as results 
in section 6 demonstrating the effectiveness of the proposed optimization problem formulation 
in getting the aimed pseudo-ductile effect in composites. 

2 Analytical models 

Two different analytical models are used in this work and summarized below. The first one 
considers a bundle composed of two different fibre types, without matrix. The second one 
considers a hybrid composite with the presence of the matrix. Both assume the global load 
sharing theory and thus they are simple enough to obtain failure predictions at a low 
computational cost in the scope of an optimization procedure that requires several function 
evaluations. 

2.1 Model for dry bundles of fibres 

The analytical model that predicts the failure of bundles of two different fibre types was 
developed in Matlab® by Tavares et al. (2016). The flowchart in Fig. 2 describes briefly this 
model and as one can see, initially random failure stresses are generated for both types of fibres, 
which follow a Weibull (1951) distribution: 

 𝑃(𝜎) = 1 − 𝑒𝑒𝑒 �−
𝐿
𝐿0
�
𝜎
𝜎0
�
𝑚
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where 𝑃(𝜎) is the cumulative failure probability of a fibre with a length L at a stress 𝜎, 𝜎0 and 
m the Weibull scale and shape parameters at the characteristic length 𝐿0, respectively. By 
generating a random number (X) between 0 and 1, representing the cumulative failure 
probability of each fibre, the tensile strength of the fibre can be determined by the given 
equation: 

 
𝜎𝑓 = 𝜎0 �−

𝐿0
𝐿

ln (1 − 𝑋)�
1 𝑚�

 (2) 

The model assumes strain-controlled conditions where the applied strain, initially zero, is 
incremented by steps of  ∆𝜀 (value that is pre-defined). In each strain increment (∆𝜀) the stress 
in each type i of fibres is calculated by considering the fibres as linear elastic, 𝜎𝑖 = 𝐸𝑓𝑖𝜀, where 
𝐸𝑓 is the elastic modulus of each fibre type i and 𝜀 is the applied strain. The number of broken 
fibres of each type i (𝑁𝑏𝑖) is updated whenever the stresses on the fibres are higher than the 



 

respective failure stresses. Finally, when the number of broken fibres of both types are equal to 
the number of total fibres (𝑁𝑡), the composite failure occurs. 

To draw the stress-strain diagram of the composite it is necessary calculate the bundle stress 
for the applied strain, given by the following equation: 

 
𝜎� =

�𝑁𝑡1 − 𝑁𝑏1�𝑆𝑓1𝐸𝑓1 + �𝑁𝑡2 − 𝑁𝑏2�𝑆𝑓2𝐸𝑓2
𝑁𝑡�𝑆𝑓1𝑉𝑓1 + 𝑆𝑓2𝑉𝑓2�

𝜀 (3) 

where 𝑆𝑓𝑖 = 𝜋𝑅𝑓𝑖
2  and 𝑉𝑓𝑖 are the section area and the volume fraction of the fibres type i, 

respectively. 

 

Fig. 2   Flowchart of the model for dry bundles of fibres. 

2.2 Progressive damage model for hybrid composites 

To take into account the matrix in the behaviour of the composite, a second analytical model 
also developed in Matlab® by Tavares et al. (2016) is used here. Fig. 3 shows a flowchart of the 
model, which is briefly described next. 

START 

Generation of random strengths 
for each fibre of each type  

𝜎𝑓1  and 𝜎𝑓2  
 

∆𝜀 
Strain increment 

𝜎� 
Bundle stress computation 

𝜎1 

Compute of the fibres  
type 1 stress 

𝜎2 

Compute of the fibres type 
2 stress 

𝑁𝑏1 = 𝑁𝑡1 

𝜎1 > 𝜎𝑓1 
 

Update 𝑁𝑏1 

𝑁𝑏2 = 𝑁𝑡2 

𝜎2 > 𝜎𝑓2 
 

Update 𝑁𝑏2 

END 

𝑁𝑏1 + 𝑁𝑏2 = 𝑁𝑡 

N 

Y Y 

N 

Y 

N N 

Y 

Y 

N 



 

 

Fig. 3   Flowchart of the progressive damage model for hybrid composites. 

This model assumes strain-controlled conditions as the previous model. For each strain 
increment it is calculated the length of the recovery region of both fibres types (𝑙𝑒𝑒1and 𝑙𝑒𝑒2) 
through this equation: 

 
𝑙𝑒𝑒 =

𝑅𝑓
𝜏
𝐸𝑓𝜀

2
 (4) 

where 𝑅𝑓 is the fibre radius, 𝜏 is the interfacial shear strength, 𝐸𝑓 the elastic modulus of the fibre 
and 𝜀 is the applied strain. The number of breaks in a fibre of each type per unit length (Λ1 and 
Λ2) is given as: 
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where 〈𝑁〉 is the average number of breaks. Considering that the fracture probability of a 
fibre of length L is described by a Weibull distribution (Eq. 1), it is possible to show that the 
average number of breaks in a fibre follows a Poisson distribution, and the average number of 
breaks is established as function of the applied stress 𝜎 (Turon et al., 2005): 
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Based on the statistics of fibre fracture and defining the average stress in a fragmented fibre 
it is possible to define the following damage variable for each fibre type, 𝑑𝑓1 or 𝑑𝑓2 (Turon et 
al., 2005, Tavares et al. (2016)): 

 
𝑑𝑓 = 1 − �

1 − 𝑒−2𝑙𝑒𝑒Λ

2𝑙𝑒𝑒Λ
+ Λ𝑙𝑒𝑒𝑒−𝐿Λ� (7) 

When the damage variables of each fibres type are greater than 0.9, the composite failure has 
already occurred. The stress on the hybrid composite material is given by: 

 𝜎(𝜀) = ��(1 − 𝑑𝑁)𝐸𝑁𝑉𝑁� 𝜀 (8) 

where 𝑑𝑁, 𝐸𝑁, 𝑉𝑁 are respectively the damage variable, elastic modulus and volume fraction of 
the constituent N and 𝜀 is the applied strain. Note that the damage in matrix is not considered, 
because the tensile failure of composite materials is mainly a fibre dominated process, thus 𝑑𝑚 
was considered equal to zero. 

Although the aforementioned models are simple, they can capture the behaviour of hybrid 
composites and the effects that the critical parameters have on this behaviour. Therefore, they 
are suitable for an optimization procedure that implies a correct parametrization of the response 
curve of the hybrid composites under uniaxial traction. A parameterization of that response is 
strictly necessary for its control and consequent optimization to achieve the desired pseudo-
ductile response. Four parameters that fully characterize the response are proposed and 
described in the following section. 

3 Response curve parameterization 

Although the main goal is to maximize the composite pseudo-ductility, there are still other 
objectives to take into account. It is also important that the failure stress be as high as possible, 
the yielding part of the response be a plateau quite horizontal which actually implies that the 
typical load drop in some responses be marginal, see Fig. 1(b). This suggests a fine 
parameterization of the response curve before an optimization problem can be formulated, see 
Fig. 4.  The hypothetical solid curve shown allows the definition of four parameters highlighted 
in bold 𝝈𝒎𝒎𝒎, 𝜺𝒅, 𝜹 and 𝝀. These parameters allow for quality evaluation of the composite 
response curve and are used in the optimization problem formulated in section 4.  

To quantify the pseudo-ductility a parameter proposed by Yu et al. (2015) designated by 
pseudo-ductile strain (𝜺𝒅) is used. This pseudo-ductile strain is defined as the difference 
between the strain at which the specimen loses its integrity (𝜀𝑚𝑚𝑒) and the elastic strain (𝜀𝐸0), at 
the same stress level as 𝜀𝑚𝑚𝑒 but based on the initial young modulus (𝐸0), 

 𝜀𝑑 = 𝜀𝑚𝑚𝑒 − 𝜀𝐸0 (9) 

where 𝜀𝐸0 can be calculated as 𝜀𝐸0 = 𝜎𝑚𝑚𝑒/𝐸0 and 𝐸0 is given by the linear rule-of-mixtures as: 

 𝐸0 = 𝐸𝑓1𝑉𝑓1 + 𝐸𝑓2𝑉𝑓2 + 𝐸𝑚𝑉𝑚 (10) 

where 𝐸𝑓1 and 𝐸𝑓2  are the longitudinal tensile modulus of both fibres, 𝐸𝑚 is the matrix elastic 
modulus, and V are the volume fractions of the respective component. 



 

 
Fig. 4   Two hypothetical response curves (solid and dashed lines) of a hybrid composite and 

definition of parameters. 

The amplitude (𝜹) is defined as the difference between the maximum and minimum stresses 
in the interval between the elastic and maximum strains, 

 𝛿 = 𝜎𝑚𝑚𝑒 − 𝜎𝑚𝑖𝑚 ,∀ 𝜀 ∈ �𝜀𝐸0 , 𝜀𝑚𝑚𝑒� (11) 

characterizing how horizontal the yielding plateau is.  
The amplitude (𝝀) is defined as the difference between two stress levels, one associated to 

the value of the elastic strain and another associated to the minimum value of the stress found in 
the range [𝜀𝐸0 , 𝜀𝑚𝑚𝑒], 

 𝜆 = 𝜎𝐸0 − 𝜎𝑚𝑖𝑚,∀ 𝜀 ∈ �𝜀𝐸0 , 𝜀𝑚𝑚𝑒� 
 

(12) 

which characterizes a possible load drop after the LE fibres failure. The dashed line in Fig. 4 
would represent another possible response curve with same 𝜎𝑚𝑚𝑒, 𝜀𝑑 , 𝛿 as the response 
represented by the solid line but with no load drop (𝜆=0), i.e., 𝜎𝐸0 = 𝜎𝑚𝑖𝑚. 

4 Optimization problem formulation 

To achieve the desired pseudo-ductile behaviour of hybrid polymer composites the following 
optimization problem is formulated: 

 
 min            𝐹(𝐱) 

 

s.t. 
 

(13) 

   
𝜆 − 𝛼𝜎𝐸0 ≤ 0 

𝛿 − 𝛿∗ ≤ 0 

𝜎𝑚𝑚𝑒∗ − 𝜎𝑚𝑚𝑒 ≤ 0 

𝜀𝑑∗ − 𝜀𝑑 ≤ 0 

 

where 𝐬 and 𝑉𝐹𝐵𝐵  are the design variables that are explained in section 4.1, 𝐹(𝐱) is the objective 
function which can be either a weighted sum of objective functions or a multi-objective function 
as explained in section 4.2 and the constraint functions are detailed in section 4.3. 
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4.1 Design variables 

Two classes of optimization problems are addressed in this work depending on the nature of 
the design variables: a mixed-integer and a continuous optimization problem. On one hand, in 
the mixed-integer optimization problem, one aims to find, among 20 pre-defined fibres 
available in the market, the optimal pair of fibres to be hybridized such that outstanding pseudo-
ductile behaviour is attained. On the other hand, in the continuous problem, one aims to find out 
the properties of the fibres that could be considered ideal to achieve the best pseudo-ductile 
behaviour. 

In the mixed-integer optimization problem one has a real type design variable  𝑉𝐹𝐵𝐵 ∈ [0; 1] 
representing the LE fibres volume fraction (the HE fibres volume fraction is 1 − 𝑉𝐹𝐵𝐵) and an 
integer type design variable 𝐬 = (𝑠1, 𝑠2) with 𝑠𝑖 ∈ {1, … ,20} representing the position or row 
number in a table containing the properties of the pre-defined fibres to be hybridized.  

In the continuous optimization problem there are nine continuous design variables. Besides 
𝑉𝐹𝐵𝐵  as already defined, one has real variables 𝐬 = (𝑠1, … , 𝑠8) | 𝑠𝑖 ≤ 𝑠𝑖 ≤ 𝑠𝑖 where 𝑠𝑖 and 𝑠𝑖 are 
the lower and upper bounds of fibre properties, respectively. Variables 𝑠𝑖 with i = 1,…,4 
characterize the properties of one fibre while i = 5,…,8 refers to the properties assigned to the 
other fibre involved in the hybridization. 

4.2 Objective function 

In problem formulation (13) the objective function F(x) is defined as either a weighted sum 
of objective functions or a multi-objective function as detailed below. 

4.2.1 Weighted sum method 

This method is a simplified approach often used to solve a multi-objective optimization 
problem. A weighted objective function is considered containing all duly-weighted single 
objective functions, i.e. (Arora, 2016): 

 
𝐹(𝐱) = �𝑤𝑖𝑓𝑖(𝐱)

𝑘

𝑖=1

 (14) 

where x is a vector of the design variables and w is a vector of weights typically set by the 
decision maker such that ∑ 𝑤𝑖𝑘

𝑖=1 = 1 and 𝑤𝑖 ≥ 0. Here k is the total number of objective 
functions. 

Recall the set of parameters described in section 3. The pseudo-ductile strain 𝜀𝑑 and the 
failure stress 𝜎𝑚𝑚𝑒  are to be maximized while the parameter 𝛿 is minimized in order to obtain 
deformation at a constant stress in the plastic region. Therefore, the following weighted 
objective function is proposed: 

 𝐹(𝐱) = �
1
𝜀𝑑
𝑐1�𝑤1 + (𝛿𝑐2)𝑤2 + �

1
𝜎𝑚𝑚𝑒

𝑐3�𝑤3 (15) 

where 𝑐𝑖 are normalization constants to obtain objective functions with same order of magnitude 
and preventing thus scale problems. Each constant can be approximately equal to the inverse of 
the optimal value of the respective objective function. Since 𝐹(𝐱) is intended to be minimized, 
bear in mind that the minimization of functions 1/𝜀𝑑  and 1/𝜎𝑚𝑚𝑒 is actually equivalent to the 
maximization of 𝜀𝑑  and 𝜎𝑚𝑚𝑒 as required. 

The weighted sum method is easy to use, and in case all weights are positive, the optimal 
solution of Eq. (15) is Pareto optimal, but it may also fall short due to the following reasons 



 

(Arora, 2016). Firstly, it cannot guarantee a suitable solution for a priori selection of weights 
and thus the tuning of weights is demanded running several optimizations. Secondly, it is 
impossible to obtain points on non-convex regions of Pareto frontier. Thirdly, an even 
distribution of weights does not guarantee an even distribution of Pareto optimal points and an 
accurate, complete representation of the Pareto optimal set. These shortcomings no longer exist 
when a multi-objective approach is used, i.e., the objectives are singly handled and so there is 
no need to weigh them as presented next. 

4.2.2 Multi-objective approach 

In the multi-objective approach of the optimization problem one finds a set of solutions that 
lie on the Pareto-optimal front and are diverse enough to represent the entire range of this front. 
Then, using higher-level information the decision maker can choose the most suitable solution 
in the Pareto front, avoiding this way multiple runs with different weights like in the weighted 
sum method (see Deb, 2001). The multi-objective function evaluates the different objectives 
independently and can be written as follows: 

 𝐹(𝐱) = �
1
𝜀𝑑

, 𝛿,
1

𝜎𝑚𝑚𝑒
� (16) 

4.3 Constraints 

The objective functions 𝐹(𝐱) described in section 4.2 allow control over the length and 
inclination of the yielding zone in the response curve, through the parameters 𝜀𝑑 and 𝛿 
respectively, as well as failure strength through parameter 𝜎𝑚𝑚𝑒. However, a possible load drop 
is not being controlled at all, i.e., two response curves can have the same objective function 
value 𝐹(𝐱), but one has a load drop and the other not, as illustrated in Fig. 4. In order to 
distinguish one curve from the other in the optimization problem, one proposes a constraint in 𝜆, 
where this parameter is calculated through Eq. (12) and 𝛼𝜎𝐸0is the maximum admissible value 
for 𝜆 parameter, which is defined using a constant 𝛼 ∈ [0; 1]. This constraint means that 𝜆 
values greater than a certain threshold are unfeasible. The lower the 𝛼 value, the lower is the 
admissible load drop. Constant 𝛼 could be seen as a percentage of the stress level 𝜎𝐸0. This 
constant is adjusted in section 6 depending on the material failure model used. This constraint 
allows for some marginal load drop after the elastic response because experience running the 
failure models shows that a decrease in strength (provided that is small enough) may not 
necessarily compromise the desired pseudo-ductile effect. Notice that, if 𝜆 would figure in 𝐹(𝐱) 
it could be interpreted as a penalty term rather than objective function to be minimized.  

Regarding the last three constraints in Eq. (13), these are only imposed when the multi-
objective approach is used in order to confine the Pareto front to solutions that have a better 
trade-off among all the three objectives. In continuous optimization, these three constraints are 
extremely important to ensure a better convergence of GA, since there are several possible 
solutions. Note that, 𝜀𝑑∗ , 𝛿∗ and 𝜎𝑚𝑚𝑒∗  are the admissible bounds for the parameters. 

The non-equality constraints can be handled using an extreme barrier function as the 
optimizer chosen in this work (Genetic Algorithm) is suitable to address such function. 
Therefore, the objective function value is set to +∞ when a point is infeasible otherwise it 
assumes the current value, i.e. 

 𝐹(𝐱) = �𝐹(𝐱)     if     constraints are not violated
+∞                          otherwise                      

(17) 

where 𝐹(𝐱) can be either the weighted sum or the multi-objective function. In the case of the 
multi-objective function all objectives are set to +∞ when a constraint is violated. 



 

5 Methods 

The composite failure analytical models developed in Matlab® are coupled with the GA for 
single-objective problems as well as the multi-objective GA available in the same software. GA 
is a meta-heuristics where a set of design alternatives, called a population in a given generation, 
is allowed to reproduce and crossover among themselves to create a new set of designs, with a 
bias towards the fittest members of the population (Arora, 2016). In single-objective, GA 
converges to a single solution which has the minimal objective function value (maximum 
fitness). In multi-objective, GA attempts to converge to multiple solutions defining a Pareto 
front. 

A flowchart of the developed algorithm, coupling the analytical failure models and GA is 
shown in Fig. 5. Note that this flowchart addresses the mixed-integer optimization problem 
based on a pre-defined table of fibre properties initially loaded. In continuous optimization such 
table does not exist because the objective is to discover the ideal fibre properties within a 
specified range to improve even further the pseudo-ductile behaviour. Apart from this, the 
flowchart structure for the mixed-integer and continuous optimizations are similar, although 
some parts of it can be carried out differently as explained below. 

 

Fig. 5: Flowchart of the developed algorithm, coupling the failure analytical model and GA. 
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The mixed-integer optimization problem starts from Table 1 containing the properties of 20 
pre-defined fibres where E and R are the elastic modulus and the radius of the fibres, 𝜎0 and m 
are the Weibull scale and shape parameters at the characteristic length 𝐿0, respectively. 

Table 1: Mechanical properties for 20 pre-defined fibres (Tavares, 2015). 

Fibre Material R 
[μm] 

E 
[GPa] 

𝝈𝟎 
[MPa] 

𝑳𝟎 
[mm] 

m 
[-] 

〈𝜺〉  
 [%] 

𝝈𝒄 
[MPa] 

𝜺𝒄 
[%] 

HTS 
(Beyerlein, 1996) Carbon 3.5 230 4493 19 4.8 1.34 8768.34 3.81 

X5 
(Nakatani, 1999) Carbon 5.05 520 2500 25 6.1 0.37 4627.77 0.89 

AS4 
(Curtin, 1998) Carbon 3.5 234 4275 12.7 10.7 1.48 5778.02 2.47 

T300 
(Curtin, 1998) Carbon 3.5 232 3170 25 5.1 1.01 6630.25 2.86 

T300 
(Mili, 1996) Carbon 3.5 232 3200 30 5.5 1.08 6568.29 2.83 

T300-B4C 
(Mili, 1996) Carbon 3.5 232 3150 30 5.4 1.06 6554.82 2.83 

700˚C 
(Tanaka, 2014) Carbon 3.3 55 1400 10 11 2.02 2030.39 3.69 

1000˚C 
(Tanaka, 2014) Carbon 2.9 240 4500 10 4.5 1.09 8384.48 3.49 

T800G 
(Tanaka, 2014) Carbon 2.75 295 6800 10 4.8 1.39 11530.73 3.91 

M30S 
(Tanaka, 2014) Carbon 2.8 295 6400 10 4.6 1.28 11143.54 3.78 

M40S 
(Tanaka, 2014) Carbon 2.7 380 4900 10 5.2 0.81 8491.54 2.23 

M50S 
(Tanaka, 2014) Carbon 2.65 480 4600 10 9 0.73 6521.74 1.36 

E-Glass 
(Obake, 2001) Glass 6.5 76 1550 24 6.34 1.59 2883.72 3.79 

E-Glass 
(Feih, 2005) Glass 7.8 66.9 1649 20 3.09 1.44 4526.85 6.77 

AR-HP 
(Foray, 2012) Glass 7 70 1363 60 9.6 1.81 2295.99 3.28 

AR-HD 
(Foray, 2012) Glass 7 70 876 60 4.8 1.09 2451.92 3.50 

Kevlar 29 
(Naito, 2013) Kevlar 6.895 85.3 3445.8 25 11.8 3.52 4615.08 5.41 

Kevlar 49 
(Naito, 2013) Kevlar 5.135 149.1 4083.3 25 8.2 2.26 6215.15 4.17 

Kevlar 119 
(Naito, 2013) Kevlar 5.46 61.4 3101.2 25 11.8 4.41 4264.92 6.95 

Kevlar 129 
(Naito, 2013) Kevlar 5.79 99 3433 25 10.3 2.97 4855.81 4.90 

 
The average failure strain 〈𝜀〉 is the strain to which one type of fibres presents a 50% failure 

probability and can be computed by the following equation:  



 

 
〈𝜀〉 =

〈𝜎〉
𝐸

 (18) 

where 〈𝜎〉 is the average failure stress of the fibre and E its respective elastic modulus. The 
Weibull distribution for fibre strength leads to an average fibre strength given by: 

 〈𝜎〉 = 𝜎𝐿Γ�1 +
1
𝑚
� (19) 

where Γ() is the gamma function, that can be defined as: 

 Γ(𝑒) = (𝑒 − 1)! (20) 

if x is a positive integer, or 

 
Γ(𝑒) = � 𝑡𝑒−1𝑒−𝑡

∞

0
𝑑𝑡 (21) 

if x is a complex number with positive real part. The reference stress 𝜎𝐿 at gauge length L 
(considered 75mm in Table 1) is related to 𝜎0 and 𝐿0 by: 

 
𝜎𝐿 = 𝜎0 �

𝐿0
𝐿
�
1 𝑚�

 (22) 

In models based on fibre fragmentation, like one presented in section 2.2, it is usual to define 
the critical strength parameter 𝜎𝑐 (Curtin and Takeda, 1998). The critical stress 𝜎𝑐 is defined as 
the stress that causes the average fragment spacing to be equal to twice the recovery region and 
is equal to: 

 
𝜎𝑐 = �

𝜎0𝑚𝜏𝐿0
𝑅 �

1
1+𝑚�

 (23) 

where 𝜏 is the interfacial shear strength. In order to better relate different types of fibres, with 
different elastic modulus, it is better to define the critical strain: 

 
𝜀𝑐 =

𝜎𝑐
𝐸

=
1
𝐸 �

𝜎0𝑚𝜏𝐿0
𝑅 �

1
1+𝑚�

 (24) 

After filling Table 1, the GA generates an initial population, gen=0, with a certain number of 
individuals, ind. Individuals can be binary or real coded chromosomes depending on the nature 
of design variables and on the GA solver as summarized in Table 2. Regarding the solvers 
mentioned here, one includes Matlab® given names, i.e., ga for single objective problems and 
gamultiobj for multi-objective problems. 

Table 2: Outline of the optimization problems considered and their relations with the GA optimizer.  

Problem 
Design variables 

Objective function 
GA optimizer 

s 𝑉𝐹𝐿𝐵 Solver Codification 

Mixed-integer Integer Continuous 
Weighted Sum  ga Real  

Multi-objective gamultiobj Binary 

Continuous Continuous 
Weighted Sum ga Real 

Multi-objective gamultiobj Real 



 

In the mixed-integer optimization problem using the weighted sum method, it is used real 
coding with a special truncation procedure proposed by Deep et al. (2009) to enforce GA to 
assign integer values to integer variables. However, this special truncation procedure is not 
available using the multi-objective GA in Matlab® and, therefore, binary coding is used instead. 
While real coding makes chromosome decoding straightforward or immediate, since each gene 
encodes each design variable, binary chromosomes encode design variables in segments of 
genes and a standard two-step decoding procedure may be needed (Goldberg, 1989). Firstly, 
one transforms the genes contained in the segment i of the chromosome into a positive integer 
which is actually sufficient for the 𝑠𝑖 variables. Let 𝑘′ be the number of bits in the segment. So, 
only 2𝑘 , integers can be encoded per design variable 𝑠𝑖. According to Table 1 one searches 
among 20 entries but no binary segment decoded gives exactly 20 integers. Therefore, one 
works with 𝑘′ = 5 meaning that each 𝑠𝑖 takes integer values between 1 and 32 but whenever 
𝑠𝑖 > 20 the objective function of such individual is set to infinite (and the analytical failure 
model is not called). Finally, the volume fraction 𝑉𝐹𝐿𝐵 , being a continuous (real) design 
variable, requires an additional decoding step. After the aforementioned transformation of bits 
into an integer, the integer itself undergoes a linear transformation such that it is projected into 
the real interval [0,1] according to a certain resolution depending on the number of bits used on 
its codification (in this case 𝑘′ = 6 was used).  

To sum up, in mixed-integer optimization, the properties of the fibres are assigned through 
the entries of a table containing the properties of 20 pre-defined fibres. In continuous 
optimization, real numbers are assigned to the chromosome genes within the range specified for 
the respective property. Table 3 shows the lower 𝑠𝑖 and upper 𝑠𝑖 bounds of the properties of the 
fibres, which were defined taking into account respectively the lower and higher values of these 
properties found among the 20 pre-defined fibres presented in Table 1. Note that the fibres 
properties referring to the parameters of the Weibull distribution, 𝜎0 and m, are considered 
assuming a fixed characteristic length, 𝐿0 = 25mm. 

Table 3: Lower and upper bounds of fibres properties. 

Properties 𝒔𝒊 𝒔𝒊 

R [μm] 2.65 7.8 

E [GPa] 55 520 

𝜎0 [MPa] 876 6800 

m 3.09 11.8 

Having defined the properties of the fibres to be hybridized, it is necessary to find out which 
are the LE and HE fibres, i.e., which fibres have a lower failure strain. This identification 
process is different depending on the analytical failure model used. In the model for dry bundles 
of fibres (section 2.1), the LE fibres are the ones which have the lowest average failure 
strain, 〈𝜀〉. In the progressive failure model (section 2.2), the parameter that controls the failure 
of the fibres is the critical strain, 𝜀𝑐. Therefore, the LE fibres in this case are the ones having the 
lowest critical strain. 

Once the LE fibres are identified, it is necessary to know the number of LE and HE fibres 
present in the composite which can be determined from the LE fibres volume fraction 𝑉𝐹𝐿𝐵  after 
rounding. Then, one of the failure models previously presented in section 2 is called. A stress-
strain diagram is the output. However, while the first failure model output is random the second 
one is deterministic. To deal with the first model randomness, 10 simulations are run per input 
data (fibres properties and LE fibres volume fraction) in order to calculate an averaged 
response. The numerical values of the parameters 𝜎𝑚𝑚𝑒, 𝜀𝑑, 𝛿 and 𝜆 associated with this 
averaged response are considered in the optimization problem functions. So the optimization 
based on the first failure model provides an optimal fibre hybridization with an objective 
function value interpreted as an average value. Unlike the first failure model, in the second one 
the response curve parameters are calculated based on a single model run. 



 

Each time the response curve parameters are calculated, the objective function can then be 
evaluated either using a weighted sum or multi-objective approach. After all individuals of a 
certain population have been evaluated, the three genetic operators are executed: selection, 
crossover and mutation (see Arora, 2016). A new population of individuals is generated 
replacing the previous one, thus completing one optimization iteration. This process is repeated 
until a stop criterion is satisfied (a limit on the total number of iterations is used here). 

6 Results 

In this section, the optimal results obtained with the two analytical failure models, presented 
in section 2, are presented separately in sections 6.1 and 6.2. For each failure model, results are 
shown in cascade for the mixed-integer and continuous problem formulations and, in turn, one 
separates results obtained from the weighted sum and multi-objective functions. 

6.1 Results: Model for dry bundles of fibres 

This model considers a bundle of two fibres types, and in this section the results are obtained 
considering a bundle composed by a total of 500 fibres with a length of 75mm. Due to the 
random nature of both failure model and optimizer used, one shall run GA more than once for 
each optimization problem formulated. Even though, experience of the authors running multiple 
times the same problem has not shown much difference in the optimal results obtained. The 
mixed-integer optimization gave quite consistent optimal solutions in multiple runs, whereas the 
continuous optimization led to slightly different solutions as seen in Table 9 and Table 14. A 
threshold parameter 𝛼 = 0.05 in Eq. (13) is used in both the weighted sum method and the 
multi-objective approach.  

6.1.1 Mixed-integer optimization 

Firstly, one finds the set of normalization constants 𝑐𝑖, as described in section 4.2.1. Then a 
few optimizations for the fine tune of the weights 𝑤𝑖 that figure in Eq. (15) are performed in 
order to achieve a satisfactory trade-off among all objectives, i.e., one targets a well-defined 
yielding plateau at a relatively high tensile strength. Evaluating the quality of the composite 
response curve is actually here a twofold process: inspecting visually the resulting stress-strain 
plot and quantifying the curve parameters defined in Fig. 4. As an outcome of these experiments 
one suggests weighting the objectives the following way: 

 𝐹(𝐱) = �
1
𝜀𝑑
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1
𝜎𝑚𝑚𝑒
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Table 4 shows the GA input parameters to solve the mixed-integer optimization problem 
using the weighted sum method. 

Table 4: GA input parameters for mixed-integer optimization problem using the weighted sum method. 

Population 
(Type/Size) 

Fitness scaling  
(Scaling function) 

Selection  
(Type) 

Reproduction 
(Elitism) 

Generations 
(Size) 

Double Vector  
50 Rank Binary 

Tournament 1 50 

The optimal solution for this problem is a Kevlar 129 (LE) and Kevlar 119 (HE) 
hybridization, with 13% of LE fibres volume fraction. As already stated in section 5, the failure 



 

model is run 10 times for a given hybridization resulting in different response curves, see Fig. 6. 
Despite the randomness shown, the obtained curves slightly differ from each other. Therefore, 
the averaged values for the curve parameters 𝜀𝑑, 𝛿 and 𝜎𝑚𝑚𝑒 as the output of the failure model 
(and optimization) are representative values well accepted (see Conde, 2017). Fig. 8 shows a 
representative response curve of the Kevlar 129 and Kevlar 119 hybridization and the averaged 
values of the respective response curve parameters are presented in Table 7. 

 
Fig. 6: Stress-strain diagrams obtained in 10 simulations of the dry bundles of fibres model for the hybridization: 

Kevlar 129 + Kevlar 119. 

In the multi-objective approach one searches for a set of solutions which lie on the Pareto-
optimal front and are diverse enough to represent the entire range of this front. Therefore, the 
last three constraints in Eq. (13), which bound the performance measures, are not initially 
imposed. Once a rough Pareto front is characterized, these constraints are introduced in order to 
better define the front in a specific region. Table 5 shows the multi-objective GA input 
parameters used in the optimizations performed. 

Table 5: GA input parameters for mixed-integer optimization problem 
using a multi-objective approach. 

Population 
(Type/Size) 

Selection  
(Type) 

Crossover 
(Type) 

Mutation 
(Type/Ratio) 

Pareto front 
population fraction 

Generations 
(Size) 

Bit String 
500 

Binary 
Tournament Scattered Uniform 

0.01 0.5 400 

The multi-objective function in Eq. (16) comprises three objectives which means that the 
Pareto front can be represented by a surface, see Fig. 7(a). To better grasp the set of non-
dominated solutions of the Pareto front, the resulting surface distribution is projected into three 
orthogonal planes, each one relates two objectives, see Fig. 7(b), (c) and (d). Solutions in the 
Pareto surface toward the origin seem appealing because they represent a fine trade-off among 
all objectives. Table 6 shows the non-dominated solutions nearest the origin as observed in each 
projection of Fig. 7(b), (c) and (d). The respective response curves are shown in Fig. 8 and 
Table 7 shows the respective values for the response curve parameters. 

Table 6: Best non-dominated solutions for each projection of Fig. 7. 

LE Fibre HE Fibre 𝑽𝒇𝑳𝑳  

Carbon T300 Carbon 700˚C 0.13 

Carbon M40S Kevlar 119 0.095 

Carbon AS4 Carbon AS4 0 



 

  

 (a) (b) 

  

(c)  (d) 

Fig. 7: Optimal Pareto solutions found for the mixed-integer problem using the model for dry bundles of fibres. 
(a) Pareto surface; Projections into planes: (b) 1/𝜀𝑑 - 𝛿; (c) 1/𝜀𝑑 - 1/𝜎𝑚𝑚𝑒; (d) 𝛿 - 1/𝜎𝑚𝑚𝑒. 

 

 

Fig. 8: Stress-strain diagrams of the optimal solutions obtained in the mixed-integer optimization problem 
formulated both using the weighted sum method and the multi-objective approach. 

 



 

Table 7: Average values of the response curve parameters for the hybridizations considered in Fig. 8. 

Hybridization 𝜺𝒅 [%] 𝜹 [MPa] 𝝈𝒎𝒎𝒎 [MPa] λ [MPa] 

Kevlar 129 + Kevlar 119 0.87 104 1851 40 

Carbon T300 + Carbon 700˚C 0.74 126 752 28 

 Carbon M40S + Kevlar 119 2.04 791 1598 19 

Carbon AS4 Non-hybrid 0.11 97 2674 0 

One selects the hybridization carbon T300 + carbon 700˚C as a reference among the 
projected solutions in Fig. 7(b) because it shows very good trade-off between the objectives 𝜀𝑑 
and 𝛿 although poor tensile strength is obtained. In like manner, the hybridization carbon M40S 
and Kevlar 119 is chosen from Fig. 7(c) which now represents good trade-off between 𝜀𝑑 and 
𝜎𝑚𝑚𝑒  but poor 𝛿 value. This 𝜀𝑑 value is also the highest presented in Table 7 but it should be 
viewed cautiously because the response curve in Fig. 8 shows that the LE and HE fibres have no 
gradual failure and the desired yielding plateau is not obtained. The carbon AS4 non-hybrid 
composite is among the non-dominated solutions chosen from Fig. 7(d) as it presents now good 
trade-off between 𝛿 and 𝜎𝑚𝑚𝑒 while the pseudo-ductile strain 𝜀𝑑 is poor.  

Finally, one inspects the remaining solutions found in the Pareto surface shown in Fig. 7(a) 
to conclude that the already aforementioned carbon hybridization T300 and 700˚C is the one 
presenting the best yielding plateau typical of the desired pseudo-ductile behaviour. However, 
this optimal solution is actually poorer than the one previously found through the weighted sum 
method. Notice that the hybridization Kevlar 129 + Kevlar 119 has actually improved toughness 
for a similar 𝜀𝑑 value as seen in Table 7. In an attempt to find this improved solution in a Pareto 
surface, several runs of the multi-objective GA are carried out but without success. In fact, there 
is no guarantee that a solution related to a specific combination of weights 𝑤𝑖 in the weighted 
sum method be found by the multi-objective GA. Despite this, the solution Kevlar 129 and 
Kevlar 119 (with 𝑉𝑓𝐿𝐵 = 0.13) is eventually found in the Pareto front when one imposes the last 
three constraints of Eq. (13) using 𝛿∗ = 200 MPa, 𝜎𝑚𝑚𝑒∗ = 1500 MPa and 𝜀𝑑∗ = 0.5 %. This 
way, the search done by the GA is only focused on the region of the Pareto surface promising in 
terms of good trade-off among the three objectives.  

6.1.2 Continuous optimization 

A very good trade-off among the three objectives is obtained with the normalization 
constants 𝑐𝑖 and weights 𝑤𝑖 proposed in Eq. (26). Table 8 shows the GA input parameters used 
to solve the optimization problem with this weighted sum function. 
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Table 8: GA input parameters for continuous optimization problem using the weighted sum method. 

Population 
(Type/Size) 

Fitness scaling  
(Scaling function) 

Selection  
(Type) 

Crossover 
(Type) 

Mutation 
(Type) 

Reproduction 
(Elitism) 

Generations 
(Size) 

Double Vector  
200 Rank Binary 

Tournament Scattered Adaptive 
feasible 1 100 

The ideal properties of the fibres found by the optimizer are shown in Table 9. Since GA is a 
probabilistic algorithm, this table contains data corresponding to three different runs of the 
algorithm. The respective response curve and its parameters quantification are shown in Fig. 10 
and Table 12, respectively. 



 

Table 9: Ideal properties obtained running 3 times the GA using the model for dry bundles of fibres. 

 E [GPa] R [μm] 𝜎0[MPa] m 〈𝜀〉 [%] 𝑉𝑓 

1st
 ru

n LE Fibre 72.7 5.04 5148 4.03 4.89 0.46 

HE Fibre 55.2 5.20 6533 11.61 10.3 0.54 

2nd
 ru

n LE Fibre 107.1 5.80 6402 3.89 4.08 0.43 

HE Fibre 65.0 6.28 6708 11.35 8.96 0.57 

3rd
 ru

n LE Fibre 119.8 7.72 6149 3.92 3.51 0.34 

HE Fibre 55.7 7.65 6419 5.71 8.80 0.66 

 
Fig. 9 shows the 3-D Pareto front (surface), as well as the non-dominated points projected 

into three orthogonal planes.  

  

(a) (b) 

  
(c) (d) 

Fig. 9: Optimal Pareto solutions found for the continuous problem using the model for dry bundles of fibres. 
(a) Pareto surface; Projections into planes: (b) 1/𝜀𝑑 - 𝛿; (c) 1/𝜀𝑑 - 1/𝜎𝑚𝑚𝑒; (d) 𝛿 - 1/𝜎𝑚𝑚𝑒. 



 

These results were obtained using the multi-objective GA input parameters shown in Table 
10 and the following constraints thresholds 𝛿∗ = 500 MPa, 𝜎𝑚𝑚𝑒

∗ = 1500 MPa and 𝜀𝑑∗ = 1 % 
that confines the search to Pareto surface regions of interest, see Eq. (13). 

Table 10: GA input parameters for continuous optimization problem using a multi-objective approach. 

Population 
(Type/Size) 

Selection  
(Type) 

Crossover 
(Type) 

Mutation  
(Type) 

Pareto front 
population fraction 

Generations 
(Size) 

Double Vector 
500 

Binary 
Tournament Scattered Adaptive  

feasible 0.5 400 

Table 11 shows one of the best non-dominated solutions found among all optimal Pareto 
solutions, as it has a good trade-off between all the objectives. The stress-strain curve of this 
hybridization is shown in Fig. 10 and its parameters quantification is in Table 12. 

 
Table 11: Ideal properties obtained in continuous optimization using a multi-objective approach with the 

model for dry bundles of fibres. 

 E [GPa] R [μm] 𝜎0[MPa] m 〈𝜀〉 [%] 𝑉𝑓 

LE Fibre 125.5 3.66 5078 5.62 3.1 0.28 

HE Fibre 70.4 5.83 5712 8.05 6.7 0.72 

 

 

Fig. 10: Stress-strain diagrams of the ideal solutions obtained in the continuous optimization problem 
formulated both using the weighted sum method and the multi-objective approach. 

 
Table 12: Quantification of the response curve parameters corresponding to the ideal hybridizations in Fig. 10. 

Hybridization 𝜺𝒅 [%] 𝜹 [MPa] 𝝈𝒎𝒎𝒎 [MPa] λ [MPa] 

Weighted Sum Method – 1st Run 4.5 310 2400 137 

Weighted Sum Method – 2nd Run 4.4 343 2592 160 

Weighted Sum Method – 3rd Run 4 323 2208 50 

Multi-objective approach 3.1 438 2082 70 

 
The ideal hybridization obtained using the multi-objective GA is slightly poorer than the one 

obtained by the weighted sum method, as it has a lower 𝜀𝑑  and 𝜎𝑚𝑚𝑒, and a higher 𝛿 value. 
However, any optimal solutions presented in Table 12 prove to perform better than those 



 

previously presented for the mixed-integer optimization (see Table 7). In fact, relaxing the 
problem such that fibre material properties may take any value from an interval of real numbers 
expands significantly the design space allowing for unprecedented performance. The challenge 
now is of practical nature because properties in Table 9 and Table 11 can be no more than ideal, 
i.e., no fibre in the market displays such properties (e.g. compare to Table 1). Although practical 
issues can be at stake, the continuous approach (an idealization) gives at least insight about key 
hybridization factors that greatly impact the pseudo-ductile behaviour. For instance, on one 
hand, a fibre material that is privileged combines low values of the elastic modulus E (low 
stiffness) with high values of Weibull scale parameter 𝜎0 (high strength). On the other hand, the 
ratio between the average failure strains of the LE and HE fibres must be at least 2 in order to 
obtain a gradual failure of the composite. 

6.2 Results: Progressive damage model 

This model considers a hybrid composite with two types of fibres embedded in a polymer 
matrix. The volume fraction (𝑉𝑓) of the fibres phase is 60% (i.e., 40% for the matrix) and the 
fibres gauge length (𝐿) is 75mm. The elastic modulus of the matrix (𝐸𝑚) is 7 GPa and the 
maximum shear stress 𝜏 at the fibre-matrix interface is assumed 40 MPa. Unlike the dry bundles 
of fibres model, this model is deterministic, i.e., the same stress-strain diagram is obtained 
regardless the number of times the model is run with the same input. A threshold parameter 
𝛼 = 0.02 in Eq. (13) is used in both the weighted sum method and the multi-objective approach. 
This constant is here lower than the one used in section 6.1 taking into account that the obtained 
response curves with the damage model are comparatively much smoother.   

6.2.1 Mixed-integer optimization 

A very good trade-off among the three objectives is obtained with the normalization 
constants 𝑐𝑖 and weights 𝑤𝑖 proposed in Eq. (27). Table 4 shows the GA input parameters used 
to solve the problem with this weighted sum function. 
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The optimal solution for this problem is a Carbon M30S (LE) and Kevlar 119 (HE) 
hybridization, with 17.6% of LE fibres volume fraction. Fig. 12 shows the response curve of 
this hybridization and Table 13 presents the respective values of the curve parameters. 

For the multi-objective approach, the optimizations are now performed using the GA input 
parameters shown in Table 5. Fig. 11 shows the optimal Pareto surface as well as the 
projections into three orthogonal planes. The non-dominated solution found in the Pareto front, 
which has a fine trade-off among all the three objectives, is the hybridization Carbon M30S 
(LE) and Kevlar 119 (HE), with 15.9% of LE fibres volume fraction. Unlike the GA 
performance in section 6.1.1, this solution found by the multi-objective GA is quite close to the 
weighted sum method solution (slightly differ in the volume fraction) and in this case there was 
no need of including the constraints in Eq. (13) to confine the search to a region of interest. Fig. 
12 shows the response curves associated with these hybridizations. The respective values for the 
response curve parameters are shown in Table 13. 
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Fig. 11: Optimal Pareto solutions found for the mixed-integer problem using the progressive damage model. 
(a) Pareto surface; Projections into planes: (b) 1/𝜀𝑑 - 𝛿; (c) 1/𝜀𝑑 - 1/𝜎𝑚𝑚𝑒; (d) 𝛿 - 1/𝜎𝑚𝑚𝑒. 

 

 
Fig. 12: Stress-strain diagrams of the optimal solutions obtained in the mixed-integer optimization problem 

formulated both using weighted sum method and multi-objective approach. 



 

Table 13: Curve response parameters of the optimal hybridizations illustrated in Fig. 11. 

Hybridization 𝜺𝒅 [%] 𝜹 [MPa] 𝝈𝒎𝒎𝒎 [MPa] λ [MPa] 

Carbon M30S + Kevlar 119 w/ 𝑉𝐹𝐿𝐵 = 17.5% 2.7  148.7 2003 32.5 

Carbon M30S + Kevlar 119 w/ 𝑉𝐹𝐿𝐵 = 15.9% 2.6 176 2022 0 

6.2.2 Continuous optimization 

The results for this optimization problem are obtained using the GA input parameters shown 
in Table 8 and the following weighted sum function: 
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Table 14 shows the ideal fibre properties obtained running three times the GA. Fig. 14 shows 
the response curves of each run and Table 16 shows the values of the curve parameters. 

Table 14: Ideal properties obtained running 3 times the GA using the progressive damage model. 

 E [GPa] R [μm] 𝜎0[MPa] m 𝜀𝑐 [%] 𝑉𝑓 

1st
 ru

n LE Fibre 75.0 3.09 5000 4.32 14.6 0.40 

HE Fibre 55.0 2.89 6511 3.10 31.2 0.60 

2nd
 ru

n LE Fibre 98.2 3.31 6209 4.12 13.5 0.35 

HE Fibre 55.0 2.84 6067 3.09 29.8 0.65 

3rd
 ru

n LE Fibre 73.2 3.83 4712 4.07 14.2 0.43 

HE Fibre 55.0 3.26 6750 3.09 31.2 0.57 

As regards the multi-objective approach, Fig. 13 shows the 3-D Pareto front as well as the 
projections into the three orthogonal planes. These results are obtained using the multi-objective 
GA input parameters presented in Table 10 and using the defined bounds in section 6.1.2, i.e., 
𝛿∗ = 500 MPa, 𝜎𝑚𝑚𝑒

∗ = 1500 MPa and 𝜀𝑑∗ = 1 %. Table 15 shows one of the non-dominated 
solutions found among all optimal Pareto solutions exhibiting a good trade-off among all the 
objectives. The stress-strain diagram of this hybridization is in Fig. 14 and the values of the 
curve parameters are in Table 16. The ideal hybridization obtained using the multi-objective GA 
has a response curve slightly worse than the typical response obtained from the weighted sum 
method, as it has a lower pseudo-ductile strain and maximum stress (lower toughness). A 
quality improvement of the Pareto optimal solutions can be obtained using more tight 
parameters bounds, such way that the search of the multi-objective GA is focused only in a 
region of more interest. 

Table 15: Ideal properties obtained in continuous optimization using a multi-
objective approach with the progressive damage model. 

 E [GPa] R [μm] 𝜎0 [MPa] m 𝜀𝑐 [%] 𝑉𝑓 

LE Fibre 69.2 4.77 4696 7.15 10.8 0.32 

HE Fibre 64.1 4.05 6030 3.66 20.9 0.68 
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Fig. 13: Optimal Pareto solutions found for the continuous problem using the progressive damage model. 
(a) Pareto surface; Projections into planes: (b) 1/𝜀𝑑 - 𝛿; (c) 1/𝜀𝑑 - 1/𝜎𝑚𝑚𝑒; (d) 𝛿 - 1/𝜎𝑚𝑚𝑒. 

 

Fig. 14: Stress-strain diagrams of the ideal solutions obtained in the continuous optimization 
problem formulated both using weighted sum method and multi-objective approach. 



 

Table 16: Quantification of the response curve parameters corresponding to the ideal hybridizations in Fig. 14. 

Hybridization 𝜺𝒅 [%] 𝜹 [MPa] 𝝈𝒎𝒎𝒎 [MPa] λ [MPa] 

Weighted Sum Method – 1st Run 14.1 447 5058 51 

Weighted Sum Method – 2nd Run 13.8 481 5168 50 

Weighted Sum Method – 3rd Run 14.5 454 4889 49 

Multi-objective approach 8 338 4225 31 

As discussed in previous section, the interest in pursuing here continuous optimization is 
more qualitative than quantitative due to practical issues. The results shown are consistent with 
those obtained with the previous material failure model. Basically, one realizes again the 
benefits of having a fibre material exhibiting low stiffness and high strength as well as the ratio 
between the critical strains of the LE and HE fibres must be equal or greater than 2. 

7 Conclusions 

Ductile-like behaviour is already an inherent property of metals justifying many times their 
usage for safety reasons. On the contrary, composites are known as having brittle failure 
behaviour. This work aims to analyse and optimize hybrid polymer composites under uniaxial 
traction to mimic such ductile response of metals. This is addressed as the “pseudo-ductile” 
behaviour in the context of composites. For this purpose, two analytical failure models of 
unidirectional fibre reinforced composites previously developed by Tavares et al. (2016) are 
now coupled with an optimization algorithm. The optimization problem is properly formulated 
based on the definition of control parameters associated with some key points along the 
composite response curve. The optimization process shapes such response curve in order to 
represent ductile-like behaviour or to display an improved ductility compared to the response of 
conventional composites. Since there are more than one objective function to achieve such 
behaviour, the problem is formulated both in terms of a weighed sum of objective functions and 
a multi-objective function properly handled by commercial Genetic Algorithms (GA). The 
nature of the design variables can be either integer or continuous depending on whether the 
search is based on pre-defined fibres materials or one allows some idealization on material 
properties.  

The optimization problem formulation based on the weighted sum of objective functions 
implies finding the weights and normalization constants which can be a challenging task. This 
may be overcome using directly a multi-objective approach with Pareto-front determination. 
However, in most cases the multi-objective GA proved to be inefficient finding exactly the 
solution given by the weighted sum method for a prescribed combination of weights (exception 
made to the mixed-integer optimization problem with the progressive damage model). Bear in 
mind also that the probabilistic nature of both failure model for dry bundles of fibres and GA 
adds an extra level of difficulty (GA has also no guarantee of convergence). In fact, inspecting 
the solutions present in the Pareto-front it is difficult to find one as good as the one proposed by 
the weighted sum method. To improve the multi-objective GA performance one confines the 
search only to a limited region of interest in the Pareto-front associated with a better trade-off 
among all objectives. For this purpose the optimization problem is solved with additional 
constraints which set bounds on the variation of the objective functions used. This way one 
enriches the Pareto-front definition in a specific region and eventually the proposed solution by 
the weighted sum method is found as a non-dominated solution. 

As seen in the results section, the optimal solution attained is different depending on the 
failure model used. The progressive damage model is more prone to a pseudo-ductile behaviour 
than the model for dry bundles of fibres. As expected, the presence of the matrix in the 
composite model is favouring the occurrence of a more gradual failure. For the mixed-integer 
optimization, the Kevlar 129 and Kevlar 119 hybridization is the optimal solution when the 



 

model for dry bundles of fibres is considered and the M30S and Kevlar 119 hybridization is the 
optimal solution when the progressive damage model is considered. For the continuous 
optimization, the ideal fibre properties are different depending on the failure model used, but in 
both models were obtained ideal fibre material properties that combine low values of elastic 
modulus with high values of Weibull scale parameter. Therefore, it is concluded that a fibre 
made from a material exhibiting such relatively low stiffness combined with such high strength 
is preferred for hybridization although none of the pre-defined fibre materials listed in Table 1 
realizes that. Looking at this table, one realizes that stiffness and strength are properties that go 
hand in hand, i.e., typically increased strength means increased stiffness. Therefore, beyond the 
scope of the present work, one proposes to take into account a possible relationship between 
strength and stiffness that better captures existing material properties for the sake of getting 
more realistic results. Anyway, the idealized hybridizations shown here are inspiring and point a 
direction toward a better fibre material selection to attain the desired pseudo-ductile behaviour. 

It is also concluded that the ratio of the average failure strains (if the model for dry bundles 
of fibres is used) or the critical strains (if the progressive damage model is used) between the LE 
and HE fibres must be equal or greater than two. In case this condition is satisfied, a gradual 
failure of the composite takes place and the desired pseudo-ductile behaviour is obtained. 
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