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Abstract—The paper shows a novel prototyping technique for
concurrent control systems described by interpreted Petri nets.
The technique is based on the decomposition of an interpreted
Petri net into concurrent sequential automata. Generally, min-
imum decomposition requires run-time that is exponential in
the number of Petri net places. We show that in many cases,
including the real-life ones, the minimum decomposition problem
can be solved in polynomial time. The proposed method allows to
implement a concurrent control system using minimal number of
sequential components, which requires polynomial time and can
be applied to most of considered cases. The presented concept
is illustrated by a real-life industrial example of a beverage
production and distribution machine implemented in an FPGA.

Index Terms—Concurrent control systems, Petri nets, compa-
rability graphs, Field Programmable Gate Array (FPGA).

I. INTRODUCTION

Different kinds of concurrent control systems surround us
in everyday life. They can be met with in transportation [59],
[62], medical care [1], [15], manufacturing [16], [34], [56],
artificial intelligence and robotics [22], [48], security and
safety [25], [47], or even banking [23], [57]. Petri nets are
one of the popular forms of graphical representation and
specification of such systems [7], [35]. They turn out to
be especially effective in the area of analysis, design and
verification of logic controllers [31], [54], [74].

One of the most important steps in designing a logic
controller specified by a Petri net is the parallel decomposition
of the system [20]–[22], [48], [64]. Such decomposition is
not necessary when the reachability graph of a net is small
enough to be implemented as a single state machine, but
it turns to be important even for the relatively small nets
with many parallel transitions, because of the state explosion.
Unfortunately, the whole decomposition process in the general
case has exponential worst-case time complexity [46], [68].
Moreover, most of the known methods extract all possible
components of decomposition, thus a subsequent selection
from the obtained components is required [58].

A new prototyping method for the concurrent control sys-
tems described by the Petri nets is presented in the paper.
The proposed method includes decomposition of a system
into concurrently executed sequential automata, called state
machine components (SMCs) [38], [50]. Such an operation is
performed with application of the perfect graph theory [28],
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[45]. In most cases the presented technique makes it possible
to obtain a state machine decomposition in polynomial time.

The paper is organized as follows: Section II introduces the
preliminaries regarding comparability graphs and Petri nets.
Section III describes the role of decomposition in prototyping
of the concurrent control systems. The main idea of the pro-
posed method is shown in Section IV, while a supplementary
example is presented in section V. Section VI presents the
results of experiments, and Section VII concludes the paper.

II. MAIN DEFINITIONS

Let us introduce the notations and definitions necessary
to explain the idea of the proposed method. The notion of
a comparability graph and related notions will be presented.
Unique features of the comparability graphs are a key element
of the prototyping method shown in the paper. Furthermore,
Petri nets and related notions are presented in this section.

A. Graphs, Comparability Graphs

Definition 1 (Graph): A graph or undirected graph is
defined by a pair [24]:

G = (V,E), (1)

where:
V ={v1, . . . , vn}, is a non-empty set of vertices;
E={E1, . . . , Em}, is a set of unordered pairs of vertices,
called edges.

An undirected edge incident with vertex u and vertex v is
denoted by uv. Two vertices u and v are adjacent (neighbors)
if they are connected by an edge. Adj(v) denotes the set of
all vertices adjacent to vertice v.

Definition 2 (Digraph): A digraph (directed graph) is de-
fined by a pair [5]:

D = (V, F ), (2)

where:
V ={v1, . . . , vn}, is a finite, non-empty set of vertices;
F={F1, . . . , Fm}, is a finite set of ordered pairs of vertices.

A directed edge is denoted by −→uv, where u is the first vertex,
and v is the second vertex of an edge.

Definition 3 (Orientation): An orientation of an undirected
graph is an assignment of a direction to each edge, turning
the initial graph into a digraph. Formally, an orientation is a
set of oriented edges.

Definition 4 (Transitive digraph): The digraph D = (V, F )
is transitive if, whenever −→uv ∈ F and −→vz ∈ F , −→uz ∈ F [32].
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Definition 5 (Graph coloring): A graph coloring is an
assignment of a color to each vertex such that no two neighbor
vertices share the same color. Minimum coloring is a graph
coloring using the minimal possible number of colors [24].

Definition 6 (Comparability graph): An undirected graph
G = (V,E) is a comparability graph if there exists an
orientation of G such that the resulting digraph D = (V, F )
is transitive. Such orientation is called a transitive orientation
of G [28].

B. Petri Nets, Interpreted Petri Nets, Concurrency Relations

Definition 7: A Petri net is a 4-tuple [50]:

N = (P, T,B,M0), (3)
where:
• P is a finite, non-empty set of places,
• T is a finite, non-empty set of transitions,
• B ⊆ (P × T )

⋃
(T × P ), is a finite set of arcs (directed

edges),
• M0 is an initial marking.
A union P ∪ T is a set of nodes of a Petri net.
Sets of input and output places of a transition (according to

the relation B) are defined respectively as follows: •t = {p ∈
P : (p, t) ∈ B}, t• = {p ∈ P : (t, p) ∈ B}. Analogously,
the sets of input and output transitions of a place are denoted:
•p = {t ∈ T : (t, p) ∈ B}, p• = {t ∈ T : (p, t) ∈ B}. A
generalized denotation for the input and output elements of
the sets is used: •S = {∀u : s ∈ S ∧ ∃u : (u, s) ∈ B},
S• = {∀u : s ∈ S ∧ ∃u : (s, u) ∈ B}.

Definition 8 (Marking, marked place): The state of a Petri
net can be seen as a distribution of tokens in the net places
and is called marking. A marked place is such a place that
contains one or more tokens. A marking is changed by the
firing of a transition (see Definition 10). Since only safe nets
are considered in the paper (see Definition 19), a marking M
is understood as a set of the marked places.

Definition 9 (Reachable marking): A marking M ′ is reach-
able from marking M , if M ′ can be reached from M by
a sequence of transition firings. If M is not specified explicitly,
a reachable marking of the net is understood as a marking that
can be reached from M0.

Definition 10 (Transition firing): If every input place of a
transition t contains a token, then t can be fired. Transition
firing adds a token to each of its output places and removes a
token from each of its input places.

Definition 11 (Incidence matrix): For a Petri net
N=(P, T,B,M0) with n transitions and m places, the inci-
dence matrix A = [aij ] is an n×m matrix of integers, entries
of which are given by:

aij =


1 if (ti, pj) ∈ B and (pj , ti) /∈ B
−1 if (pj , ti) ∈ B and (ti, pj) /∈ B
0 otherwise

. (4)

Definition 12 (S-invariant): An m-vector x is an S-invariant
of Petri net N with incidence matrix A if Ax = 0. The set of
places corresponding to nonzero entries in an S-invariant such
that x ≥ 0 is called support of the invariant.

Definition 13 (SM-net): A State Machine net (SM-net) is a
Petri net such that each of its transitions has at most one input
place and at most one output place, i.e. ∀t ∈ T : (| • t| ≤
1) ∧ (|t • | ≤ 1).

If a state machine net has only one token in its initial
marking, then it has one token in every reachable marking
and can be seen as a Petri net without concurrency.

Definition 14 (Strongly connected net): A Petri net
S=(P, T,B,M0) is strongly connected, if its underlying graph
(i.e. digraf D = (P ∪ T,B)) is strongly connected.

Definition 15 (SM-component): A Petri net
S=(P ′, T ′, B′,M ′0) is a State Machine component (SM-
component, SMC) of a Petri net N = (P, T,B,M0), if and
only if:

1) S is an SM-net;
2) P ′ ⊆ P ;
3) T ′={x|x ∈ T, ∃p ∈ P ′ : ((p, x) ∈ B ∨ (x, p) ∈ B)};
4) ∀x∈(P ′ ∪ T ′),∀y∈(P ′ ∪ T ′) :((x, y)∈B ⇔ (x, y)∈B′);
5) S is strongly connected;
6) |M ′0| = 1; M ′0 ⊆M0.
An SM-component is a strictly sequential subnet of a given

net. If a net can be covered by a set of SM-components
it means that it can be represented as a system of locally
synchronized sequential processes.

Definition 16 (Concurrency relation): Two places are con-
current if they are both marked on some reachable marking.
The behavioral concurrency relation (or just concurrency rela-
tion) || on the set of places P of a Petri net N=(P, T,B,M0) is
the relation such that (p, p′) ∈ || if there is a reachable marking
M such that {p, p′} ⊆M . We use p||p′ as a shortened notation
that means (p, p′) ∈ ||.

Definition 17 (Structural concurrency relation): The struc-
tural concurrency relation ||A on the set of places P of a Petri
net N=(P, T,B,M0) is the smallest relation such that [40]:

1) ∀p, p′ ∈ P : (p ∈ M0 ∧ p′ ∈ M0 ∧ p 6= p′) ⇒ (p, p′) ∈
||A;

2) ∀t ∈ T ∀p ∈ t • ∀p′ ∈ t• : p 6= p′ ⇒ (p, p′) ∈ ||A;
3) ∀p ∈ P ∀t ∈ T : ((∀p′ ∈ •t : (p, p′) ∈ ||A)⇒
⇒ (∀p′′ ∈ t• : (p, p′′) ∈ ||A)).

Structural concurrency between two places {pi, pj}∈P is
denoted as pi||Apj .

The structural concurrency relation is a superset of behav-
ioral concurrency relation which, unlike the latter, can be
computed in polynomial time in the general case [39]. The
intuition behind it is as follows: 1) all the places marked
in the initial marking are mutually concurrent; 2) every two
places being output for the same transition are concurrent, if
the transition can ever fire; 3) if a place is concurrent with
every input place of a transition, it is structurally concurrent
with all of its output places. It is shown in [39] that every two
places which are behaviorally concurrent are also structurally
concurrent (but not always vice versa).

According to Lemma 3.3 from [39], if ||A is not irreflexive,
the Petri net cannot be covered by SM-components.

Definition 18 (Concurrency graph): A concurrency
graph (structural concurrency graph) of a Petri net
N = (P, T,B,M0) is a graph GC=(V,E) such that
V = P and E = || (E = ||A, correspondingly).
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Definition 19 (Well-formed net):
A Petri net N is live if for every reachable marking M

and transition t of N , t can be fired in M or in a marking
reachable from M . A net is safe if there is no marking M
such that a place p ∈ P contains more than one token.

A Petri net is well-formed if it is live and safe.
Definition 20 (Interpreted Petri net): An interpreted Petri

net is a well-formed Petri net, defined as a 6-tuple [2], [53]:

N = (P, T,B,M0, X, Y ), (5)

where:
• P is a finite, non-empty set of places,
• T is a finite, non-empty set of transitions,
• B ⊆ (P × T )

⋃
(T × P ) is a finite set of arcs,

• M0 is an initial marking,
• X={x1, x2, . . . , xm} is a finite set of logic inputs,
• Y ={y1, y2, . . . , yn} is a finite set of logic outputs.

Logic inputs and logic outputs are connected to the net as
follows. A Boolean function of the inputs is associated with
every transition of the net, and value 1 of the function is
a necessary condition of the transition firing. A subset of
outputs (maybe empty) is associated with every place, and
an output has value 1, if and only if at least one of the
corresponding places is marked in the current marking.

Note that as far as the prototyping process presented in this
paper is based on the interpreted Petri nets, we suppose that
the considered nets are well-formed.

III. DECOMPOSITION IN DESIGN OF CONCURRENT
CONTROL SYSTEMS

The design process of a parallel control system specified by
an interpreted Petri net usually includes its decomposition into
sequential components [4], [30]. It may be required for several
reasons. One of them is the situation in which a concurrent
algorithm has to be executed by several microcontrollers or
processors, where each of them executes a sequential subpro-
cess [21], [66]. This is not the case when the controller is
implemented in FPGA, since a parallel logical control algo-
rithm can usually be implemented in a single FPGA device.
However, configuration of an FPGA is usually specified using
a hardware description language, such as VHDL or Verilog.
In such a language, every Petri net place can be described
by a separate parallel module (process), which leads to a
complex and difficult to manage description. Alternatively,
each sequential component can be described by single pro-
cess, which provides a more understandable description, and
which is relatively easy for analysis and implementation [31].
Apart from the above reasons, decomposition is used in some
methods of state encoding [14].

Most of Petri net decomposition methods are based on
the preservation of properties and focus on net analysis. For
example in [18] a decomposition method is presented based
on shared places or shared transitions, demonstrating that
place invariants of the global model are the same as of the
decomposed model. However, the resulting subnets cannot be
executed in a distributed way.

Aybar [3] proposes a decomposition method based on net
structure analysis identifying overlapped sections. Overlapped
places and transitions are repeated in all resulting subnets.

Other decomposition methods use input and output places
for communication between the decomposed models [13],
[51], [72]. In [21] a functional decomposition method is
proposed, based on the definition of a cutting set. The main
concern of this method is to maintain the same behavior
before and after decomposition. The interface between the
decomposed components is always composed by transitions,
which communicate through output and input events. Common
firing rules are also preserved.

An SM-decomposition of a Petri net N = (P, T,B,M0)
can be obtained by means of a calculation of its binary S-
invariants and by finding a cover of set P by their supports.
The invariants can be obtained directly by finding the (0, 1)
solutions of the system of linear equations Ax = 0, where
A is the incidence matrix of N [50], or more efficiently,
for example, using the Martinez-Silva algorithm [46]. Both
approaches are easy to implement, but since the number of
S-invariants can be exponential in the number of Petri net
places, generation of all SM-components requires exponential
time and space in the worst case.

However, it is not necessary to generate all SM-components
to obtain an SM-decomposition. Indeed, it is enough to get a
set of the modified SM-components such that each of them
covers some places of the given Petri net and may also
contain the so-called non-operational places (NOPs) [31],
[43], [69]. Such decomposition can be obtained by coloring the
concurrency graph of the Petri net [4]. Then an SM-component
can be constructed from the places which obtain the same
colour, the transitions incident to them and, when necessary,
the non-operational places (a way of adding NOPs is explained
by Algorithm 4 presented below).

Given that minimum coloring of a graph is an NP-hard
problem, no known polynomial-time algorithm can calculate
the colouring of a graph using the smallest possible number of
colours in the general case. Hence it is reasonable to apply the
approximation colouring algorithms [24]. However, as shown
below, in many practical cases minimum decomposition of
a concurrent control system and the whole prototyping process
can be performed in polynomial time.

IV. IDEA OF THE PROPOSED METHOD

The proposed method of prototyping of the concurrent
control systems consists of the following steps:

1) Specification of the concurrent control system:
• Specification by an interpreted Petri net N .
• (Optional: formal verification of the system).
• (Optional: reduction of the net N ).

2) Decomposition of the Petri net N :
• Computation of the structural concurrency graph
GC of N .

• Obtaining a transitive orientation (TRO) of GC if it
exists.

• Minimum (optimal) colouring of GC if a TRO exists
(otherwise, another approach has to be used, such
as colouring using an approximation algorithm).
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• Formation of the set S of decomposed components.
3) Modelling, validation, logic synthesis and final imple-

mentation of the system in a programmable device.
We shall explain each of the above stages in more detail.

A. Specification of the system by an interpreted Petri net

Initially, the concurrent control system is specified by an
interpreted Petri net N . Such a specification allows further
decomposition and implementation of the system in pro-
grammable devices.

At this stage the Petri net model of concurrent controller
can be additionally formally verified with the use of a model
checking technique [19], [26], [29]. Such a verification ensures
that the final system meets all the user-defined requirements.
Different aspects of formal verification are widely described
in the literature [9], [11], [17], [33], [44], [52], [55], [60].

Reduction of the Petri net [8], [35], [50] can be used as a
step simplifying its SM-decomposition [4]. Some details on
this topic will be presented in section V.

B. Decomposition of the interpreted Petri net

The decomposition process allows splitting the initial net
into the concurrent modules (SM-components). Each of the ob-
tained components is further modelled independently (see Sec-
tion IV-C). Note that at this stage of prototyping of a concur-
rent control system, input and output signals (sets X and Y )
are not taken into account.

The proposed decomposition method consists of five steps.
Let us describe each of them.

1) Computation of the structural concurrency graph: Based
on the initial Petri net N , a structural concurrency graph GC

is formed. Such a structure is obtained by the consecutive
application of three rules presented in Definition 17.

The method for obtaining the structural concurrency graph
GC for a Petri net N is shown in Algorithm 1. The idea is
taken from [39]. According to [39], computation of the struc-
tural concurrency relation ||A of Petri net N = (P, T,B,M0)
is bounded by O((|P |+ |T |)5).

Algorithm 1 Computation of the structural concurrency graph
Input: Petri net N = (P, T,B,M0)
Output: Structural concurrency graph GC=(P,E) of N

1: ||A←{(pi, pj) : (pi ∈M0 ∧ pj ∈M0)} ∪
⋃

t∈T t• × t•
2: repeat
3: A←||A
4: T ←T

5: while T 6= ∅ do
6: choose t ∈ T
7: P←{pi ∈ P : ∀pj ∈ •t (pi, pj) ∈ ||A}
8: ||A←||A ∪ {(pi, pj), (pj , pi) : pj ∈ t•, pi ∈ P}
9: T ←T \{t}

10: end while
11: until A = ||A

12: return GC = (P, ||A)

Note that a structural concurrency relation does not always
coincide with a behavioral concurrency relation. It is shown

in [41] that for every Petri net, || ⊆ ||A, and that for the
well-formed EFC-nets || = ||A.

2) Obtaining a transitive orientation of the structural con-
currency graph: This step is one of the essential stages of
the whole decomposition process. Existence of a transitive
orientation in GC means that such a graph can be optimally
colored in polynomial time. Otherwise, the proposed method
cannot guarantee obtaining optimal decomposition and a dif-
ferent decomposition method ought to be selected.

The best known recognition algorithm uses a depth-first
search (DFS). The set of graph vertices is split into the
subsets called implication classes by a recursive orientation
of subsequent edges [27]. At the beginning, an initial edge
is selected arbitrarily. Another idea is shown in [32], where
lexicographic breadth-first search (BFS) is used. The algorithm
also partitions the set of vertices into the implication classes.

Let us introduce an alternative version of recognition of a
comparability graph. The method shown in Algorithm 2 finds
the transitive orientation F of an undirected graph G=(V,E).
The algorithm explores further edges with the use of the BFS
method. The set F is supplied by the subsequent transitive
orientations, while an additional set X (a copy of E) holds
unexplored edges. Let us point out that in contrast to the
known methods, the proposed one does not split the set
of graph vertices into implication classes, it just retrieves a
transitive orientation of GC .

Algorithm 2 Finding of a TRO in an undirected graph
Input: An undirected graph G = (V,E)
Output: A transitive orientation F of G if it exists, ∅ otherwise

1: F ← ∅
2: X ← E
3: Q.clear()
4: while X 6= ∅ do
5: Pick (arbitrary) an edge uv ∈ X
6: Q.push (

−→
uv)

7: repeat
8:

−→
uv←Q.pop()

9: if
−→
vu ∈ F then

10: write: ”Not a comparability graph”
11: return ∅
12: end if
13: F←F ∪ −→uv
14: X←X \uv
15: for each z=Adj(u) do
16: if [z 6=Adj(v) or

−→
vz ∈ F ] and

−→
uz /∈ {F ∪Q} then

17: Q.push (
−→
uz)

18: end if
19: end for
20: for each z=Adj(v) do
21: if [z 6=Adj(u) or

−→
zu ∈ F ] and

−→
zv /∈ {F ∪Q} then

22: Q.push (
−→
zv)

23: end if
24: end for
25: until Q is empty
26: end while
27: return F

An estimation of the computational complexity of Algorithm
2 is as follows. Clearly, both outer loops (while..do and
repeat..until) are executed |E| times for each edge of the
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graph. Each of the inner for each loops is executed for all
the neighbor vertices. Therefore, their complexity is at most
O(δ(G)), where δ(G) means the maximum degree of vertices
in G. Summarizing, we can formulate the following statement:

Statement 1: Comparability graph recognition and finding
a transitive orientation by Algorithm 2 can be done in
O(|E|δ(G)) time.

3) Colouring of the structural concurrency graph: Since
the graph GC can be transitively oriented, its minimum
colouring can be obtained in linear time [27]. Algorithm 3
uses the ideas of colouring of already oriented comparability
graphs presented in [27], [45]. The algorithm recursively calls
an additional function Coluor. Such a function simply orders
all the graph vertices by their height. The height of vertices
strictly refer to the transitive orientation of a graph. Thus, it
can be directly used for the minimum colouring of a graph. At
the bottom level (with height/coluor equal to 1) there are sink
vertices (vertices that have no outgoing arcs in relation F ).
The largest value of height (colour) is assigned to the vertices
that have no incoming arcs.

Algorithm 3 Coloring of a comparability graph
Input: Transitively oriented graph G = (V, F )
Output: Vector colours of assigned vertices colours

1: for each v ∈ V do colours[v]←0

2: for each v ∈ V such that colours[v] = 0 do COLOUR(v)
3: return colours[v]

4: function COLOUR(v)
5: for each u ∈ V such that [−→vu ∈ F ] do COLOUR(u)
6: if v is sink then colours[v]←1
7: else colours[v]← max(colour[w] : [−→vw ∈ F ]) + 1

8: end function

Clearly, the number of the recursive calls of function Colour
is equal to |V |, and every arc is checked twice. Therefore, the
computational complexity of the presented colouring method
is bounded by O(|V |+ |E|).

If the structural concurrency graph is not a comparability
graph, then one of the approximation coloring algorithms
should be used [42].

4) Formation of the set of the decomposed components:
Based on the coloured graph, the set of components is formed.
Each set of places which obtain the same colour during
coloring of GC refers to an SM-net S ∈ S , where S is a set
of components covering all the places of the Petri net. Such
set of places P ′ ⊆ P of net N = (P, T,B,M0) generates an
SM-net S = (P ′, T ′, B′,M ′0) as follows: T ′ = {t ∈ T : ∃p ∈
P ′ : (t, p) ∈ B ∨ (p, t) ∈ B}, B′ = {(p, t) : p ∈ P ′ ∧ t ∈ T ′ ∧
(p, t) ∈ B}∪{(t, p) : p ∈ P ′∧t ∈ T ′∧(t, p) ∈ B},M ′0 =M0.

Note that there is a possibility that a particular component
S contains unconnected input or output transitions. Such
a situation is caused by the fact, that some places of the
decomposed system are common to more than one component.
Colouring of a concurrency graph just groups vertices (places)
into separate sets, but does not assure common places for
different components. Therefore, additional NOPs ought to be
supplied to the components with unconnected input or output

transitions (we shall explain such a situation in more detail by
an example in Section V).

Algorithm 4 presents a method that supplements the com-
ponents with the non-operational places. Additionally, the
algorithm verifies whether the net can be properly decomposed
and whether the NOPs can be supplied.

Algorithm 4 Supplementation of components by NOPs
Input: A well-formed Petri net N = (P, T,B,M0), its structural

concurrency graph GC = (P, ||A), set of SM-nets S obtained by
means of minimum coloring of GC

Output: If N can be decomposed: set S with the SM-nets supple-
mented by NOPs

1: i← 1
2: for each S ∈ S [where S = (P ′, T ′, B′,M ′

0)] do
3: I ← ∅
4: O ← ∅
5: for each p ∈ S do
6: for each t ∈ p• such that t• = ∅ in S do O ← O ∪ {t}
7: for each t ∈ •p such that •t = ∅ in S do I ← I ∪ {t}
8: end for
9: while O 6= ∅ do

10: select arbitrary transition t from O
11: {p} ← • t
12: t′←t
13: V ← ∅
14: Q← ∅ //where Q is a stack
15: marked←false
16: Q.push(t′)
17: repeat
18: t′←Q.pop
19: if (t′• ∩M0)\P ′ 6= ∅ then marked←true
20: V = V ∪ {t′}
21: for each t′′∈T such that [t′′∈(t′•)• and t′′ /∈(T ′\I)] do
22: if [∃p′ ∈ t′• : (p, p′) /∈ ||A and t′′ /∈ V ] then
23: Q.push(t′′)
24: end if
25: end for
26: for each t′′∈T such that [t′′ ∈ •(•t) and t′′ /∈(T ′\I)] do
27: if [∃p′ ∈ t′• : (p, p′) /∈ ||A and t′′ /∈ V ] then
28: Q.push(t′′)
29: end if
30: end for
31: until Q.empty
32: if V ∩ I = ∅ then
33: write: ”The net cannot be decomposed.”
34: return
35: end if
36: P ′ ← P ′ ∪ {NOPi}
37: for each t ∈ V ∩O do t• ← {NOPi}
38: for each t ∈ V ∩ I do •t← {NOPi}
39: if [marked] then M ′

0 ←M ′
0 ∪ {NOPi}

40: O ← O \ (V ∩O)
41: I ← I \ (V ∩ I)
42: i← i+ 1
43: end while
44: end for
45: return S

Let us briefly explain the functionality of Algorithm 4. The
proposed method uses DFS, taking into account the structural
concurrency relation. Initially, strong connectedness of each
of the obtained components is checked. The method searches
for the unconnected transition outputs and the unconnected
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transition inputs. If there are such transitions in component
S, then S should be supplemented with the NOPs. For
each unconnected transition output, an adequate unconnected
transition input is searched. If a proper input cannot be
found, then the net cannot be decomposed by means of the
proposed technique (such a situation may be caused by the
difference between real and structural concurrency relations,
see Subsection IV-B1).

Finally, a NOP is supplied to the component. Note that if a
NOP replaces at least one initially marked place, then it should
also be initially marked.

Let us estimate the computational complexity of Algo-
rithm 4. The outer for each loop is executed at most |P | times,
because each place p ∈ P belongs to only one component
S ∈ S. Executions of the inner for each and while..do loops
are disjoint, thus we shall analyse their complexity separately.

The inner for each loop (lines 5-8) is executed at most
|P | times and checks every transition at most twice, hence its
execution time is bounded by O(|P |+|T |). The while..do loop
involves inner repeat..until and two for each loops. Clearly,
the for each loops (lines 37, 38) are executed at most |T |
times. The repeat..until loop is performed at most |T | times,
since V holds all the transitions to be visited. It performs
a DFS with additional checking of the structural concurrency
relation, which can be executed in O((|P | + |T |)|P |) time.
Finally, the outer while..do loop is repeated for all the transi-
tions in the set O, thus it is bounded by O(|T |). Therefore,
the execution of the whole while..do loop is bounded by
O(|P ||T 2|(|P |+ |T |)). Now, we can formulate the following
statement:

Statement 2: Supplementation of the decomposed compo-
nents with non-operational places by Algorithm 2 takes time
O(|P |2|T |2(|P |+ |T |)).

From the above analysis the total computational complexity
of the whole decomposition process can be calculated. Let us
recall all the partial results and their complexities:
• Formation of the graph GC : O((|P |+ |T |)5).
• Transitive orientation of GC : O(|E|δ(G)).
• Coloring of GC : O(|P |δ(G)).
• Formation of the set S: O(|P |2|T |2(|P |+ |T |)).
Let us conclude from the partial results the final statement

regarding computational complexity and applicability of the
proposed decomposition method.

Statement 3: Decomposition of a concurrent control system
specified by an interpreted Petri net based on the application
of comparability graphs can be done in O((|P |+ |T |)5) time
if the following conditions are satisfied:
• The structural concurrency graph of the net is transitively

orientable (see Subsection IV-B2).
• The obtained components can be supplemented by NOPs.
Analysis of numerous benchmarks demonstrates that most

of the parallel logical control algorithms satisfy the mentioned
conditions (see Section VI).

C. Modelling, validation, synthesis and final implementation

After the system is decomposed, it should be modelled in a
hardware description language (HDL) such as Verilog [61]
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Fig. 1. A beverage production and distribution concurrent control system

or VHDL (Very High Speed Integrated Circuits Hardware
Description Language) [12], [75]. Each of the achieved SMCs
forms a separate finite state machine (FSM). Therefore, each
component is described independently. Please note that proper
synchronization of SMCs must be assured by additional inter-
nal signals [21], [31], [48], [49], [66]. There are no restrictions
regarding language or style used to describe the components,
thus they can be modelled as traditional FSMs [6], or as
microprogrammed controllers [67], depending on the designer
needs [65].

The decomposed system described in an HDL can be
validated using a software simulation. Finally, the system is
synthesized and implemented in order to create a bit-stream
(that is, a portion of data to be sent to configure an FPGA).

V. EXAMPLE

Let us illustrate the whole prototyping process by an in-
dustrial example. We shall use a modified version of a real-
life concurrent control system, initially described in [63],- i.e.
a beverage production and distribution machine presented in
Fig. 1.

The system works as follows. Initially, the machine remains
in an idle state. Pressing of a button on the operator console
(illustrated as input signal x1) starts the production process.
Two valves (y1 and y2) are opened. Two containers (Container
1 and Container 2) are filled with the liquid ingredients. When
the upper limit of Container 1 is reached (which is signalized
by sensor x2), the liquid in this container is warmed up
(y4). Similarly, reaching of the upper bounds of Container
2 (signalized by x3) initializes the warm-up process of the
second container (y5).

Simultaneously to the above procedure, a cup is placed on
the cart (y3), which is signalized by sensor x4. When the
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cup is placed, the cart moves to the left, until reaching the
leftmost position, indicated by sensor x7. The cup on the cart
is being warmed up (y11), waiting until the beverage is ready
for distribution.

When the liquid reaches the required temperature in any of
the containers (signalized by sensor x5 for Container 1 and x6
for Container 2), the output valve of this container is opened
(outputs y8 and y9, respectively). The ingredients from both
containers are mixed (output y7) in the third one (Container
3). The process is controlled by a clock. When the remaining
time has elapsed (x7) and additionally both upper containers
are empty (x8, x9), the production is finished and the beverage
is ready for distribution.

Finally, the output valve of Container 3 is opened (y10)
and the liquid is poured to the cup located on the cart. When
the upper level of the cup is reached (sensor x11), the cart
moves to the right (y12). The moment when the cart reaches
the appropriate position is signalized by the sensor x12. Then
the cup is taken from the cart and the system returns to the
initial state.

An interpreted Petri net that specifies the described concur-
rent control system is shown in Fig. 2. There are 16 places
and 13 transitions in the net. There are 12 input signals and
13 output signals. The net is live and safe, therefore it is well-
formed.

To clarify the explanation of the proposed prototyping idea
we shall use the reduction technique called fusion of series of
places [50]. Such an action simply joins the series of places
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Fig. 2. An interpreted net N1 (beverage production and distribution system)
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Fig. 3. Reduced net N1 (left) and its concurrency graph GC1 (right)

into single macroplace, as presented in Fig. 3 (left). In the
presented example, there are eight macroplaces (denoted by
the consecutive letters of the alphabet): macroplace a joins
places p2, p5, p8, macroplace b includes p3, p6, p9, and so on.
The reduced net (denoted as N1) preserves the properties of
the initial net N , therefore it is well-formed.

Note that reduction of N1 does not affect the results of
decomposition. However, such a technique reduces the number
of structural concurrency graph vertices and edges. More
general cases of the sets of places which can be replaced by
the macroplaces for simplifying analysis of the Petri nets are
described in [36], [37].

Let us decompose N1 with the use of the proposed method.
Initially, the structural concurrency graph GC1

is formed. Such
a graph is obtained according to Algorithm 1. The structural
concurrency graph for the net N1 is shown in Fig. 3 (right).
There are eight vertices in GC1

that refer to the places of N1.
After the structural concurrency graph is obtained, Algo-

rithm 2 is applied, which searches for a transitive orientation F
of the graph. We shall use the alphabetical order of the vertices
to clarify the presentation. Algorithm 2 starts with the edge ab,
which is transitively oriented as

−→
ab. Further orientation of edge

−→ac forces orientation
−→
bc. Similarly, orientation of edges −→ae and−→

af forces orientation
−→
ef , and so on. Figure 4 (left) presents

the final transitive orientation of GC1
.

h
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d

e

f

g

a(4)

b(3)

d(3)

e(2)

g(2)
c(1)

f(1)

h(1)

Fig. 4. Transitive orientation of GC1
(left) and its minimum coloring (right)
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Since there exists a TRO in GC1
, such a graph can be

optimally coloured by means of Algorithm 3. Let us present
the coloring process in more detail. There are three sink
vertices in the graph: c, f and h. According to the proposed
algorithm, these sink vertices have the height equal to 1, thus
they receive the first colour. Further computation assigns the
second colour to vertices e and g, since their height is equal
to 2. Consequently, vertices d and b are coloured by the third
colour, while the remaining vertex a achieves the last, fourth
colour. Summarizing, colouring of GC1

results in four colours,
as presented in Fig. 4 (right).

The obtained colours split the set of vertices into four
sets, that correspond to the state machine components
S={S1, . . . , S4}: S1={c, f, h}, S2={e, g}, S3={b, d}, S4={a}.
Figure 5 (left) illustrates the current step. Note that some of
the input and output arcs of the transitions in three of the com-
ponents remain unconnected (Fig. 5 left, components b-d).

Let us now apply Algorithm 4 to finalize the decomposition
process. Clearly, the first net (a), shown in Fig. 5 (left), does
not require any changes, since it forms a proper state machine
component. However, set S2 contains the unconnected arcs
to transition t7 and from t11. Similarly, S3 also contains the
unconnected arcs (a gap between transitions t9 and t6), and so
does S4 (a gap between transitions t8 and t1). At the begin-
ning Algorithm 4 searches for such unconnected transitions.
Two sets are formed. The first one O={t8, t10, t11} holds
the transitions with unconnected outgoing arcs. The second
set I={t1, t1, t7} contains the transitions with unconnected
incoming arcs. Note that t1 occurs twice in the set I . In
the further steps the algorithm tries to pair the transitions,
by matching an output from O with an input from I . In our
example, t8 is associated with t1, t10 with t1, and t11 with t7.
The additional non-operational places are inserted between the
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Fig. 5. Decomposed net N1 before and after execution of Algorithm 4

 

t1 x1 

1 

15 y11 y12 

 x12 t12 

x11 

4 

7 

t4 

y3 

x4 

y6 

t7 x7 

t11 

16 y13 

t13 

14 y11 

3 

6 

t3 

t8 

9 

y2 

x3 

t1 x1 

y5 

NOP2 

t6 x6 

10 y7 y8 y9 

 
t9 /x8 /x9 /x10 

11 

t10 

13 

t10 

y10 

x11 

t7 x7 

 

12 

NOP1 

b) 

a) 

2 

5 

t2 

t8 

8 

t5 

y1 

x2 

t1 
x1 

y4 

x5 

c) 

d) 

NOP3 

/x4 

Fig. 6. Decomposed interpreted net N1

unconnected arcs, as shown in Fig. 5 (right). Note that all three
NOPs are initially marked. Since all the elements from the set
O have been associated with the proper input transitions from
I , Algorithm 4 finishes successfully. This means that the net
has been properly decomposed.

When the decomposition process is finished, all the
macroplaces in the obtained components are replaced by the
original places. This operation is a reversal of the reduction
process. The set of decomposed components consists of four
SMCs S={S1, . . . , S4} that contain the following places:

• S1={p1, p4, p7, p14, p15, p16},
• S2={p12, p13,NOP1},
• S3={p3, p6, p9, p10, p11,NOP2},
• S4={p2, p5, p8,NOP3}.
Figure 6 presents the results obtained during the decompo-

sition process. Let us briefly analyse them. The obtained com-
ponents split the concurrent system into four modules. Each
of them forms a sequential automaton. The first component
(S1) mainly controls the cart (its movement, warming-up of
the cup placed on the cart, loading and unloading of the cup).
The second one is in charge of proper transferring of the liquid
from Container 3 to the cup on the cart. The two remaining
modules are in response of proper functionality of Container
2 (component S3) and Container 1 (S4). Additionally, S3

controls mixing of the ingredients.
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Next, each of the obtained SMCs is modelled independently
in a hardware description language. In the presented example
Verilog language was used. All four modules were described
as synchronous automata. The clock signal (active high) syn-
chronizes all the components, while reset returns them to the
initial state (corresponding to the initially marked places). The
schema of the decomposed system is shown in Fig. 7. Note
that decomposed modules are synchronized by internal signals,
according to the algorithms presented in [66]. Such signals
are left out of the figures and diagrams in order to clarify the
presentation of the proposed idea.

The results of simulation of the system, performed by the
tool Active-HDL from Aldec, Inc., is shown in Fig. 8. The
behavior of the controller is represented by output signals
y1, . . . , y13, which are stimulated by the inputs x1, . . . , x12.
The values of the signals are represented in a graphical
form, as they change in time. For example, pressing of the
button (active signal x1) starts the process and runs three
operations (y1, y2 and y3). After reaching the upper level of a
particular container (x2, x3), the warming-up of the ingredients
is launched (y4,y5). Meanwhile, the cart is moving to the left
(y3) until reaching the required position (x4), and so on.

Finally, the system was implemented in a programmable
device. The XC7A100T FPGA (Artix-7 family) from Xilinx
was used. The device was selected due to its integration with
the board Nexys 4 DDR. The input values of the prototyped
beverage production machine (set X) were specified by the
integrated switches, while outputs (set Y ) were assigned to
the LEDs of the board. The clock signal was connected
to the internal source (450 MHz). The logic synthesis and
implementation were performed by the tool Xilinx ISE 14.7.

Table I shows the utilization of the implemented system.
Particular components were realized as FSMs according to
the Xilinx recommendations [70]. Additionally, internal states

First module 
(S1)

x4

x7

x12

x11

y3 y6 y11 y12 y13

Third module 
(S3)

x3

x6

x8

x9

x10

y2 y5 y7 y8 y9

x1

Second module 
(S2)

y10

clk
reset

Fourth module 
(S4)

y1 y4

x2
x5

Fig. 7. Schema of the system (the synchronization signals are not shown)

TABLE I
UTILIZATION OF THE FPGA RESOURCES

FPGA (XC7A100T)
Number of Slice Registers 10
Number of Slice LUTs 16
Number of occupied Slices 9
Number of IOs 27

of FSMs were encoded using the Gray code to optimize the
number of used logic blocks. Indeed, the number of occupied
slices was reduced by one element in comparison to the
traditional natural binary encoding.

VI. RESULTS OF EXPERIMENTS

The effectiveness of the proposed idea has been veri-
fied experimentally. To perform this, 111 benchmarks were
checked. The library of test modules contains safe Petri
nets that describe hypothetical and real devices, processes
and actions, such as a controller of a volumetric feeder,
a system for a chemical reactor, a concrete mixer, a pro-
cess for picture frame manufacturing, a control system for
a speedway tournament etc. All the verified nets can be found

Fig. 8. Simulation results of the decomposed system
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at: www.hippo.iee.uz.zgora.pl and gres.uninova.pt/IOPT-Tools/
(username: models, password: models), where the source
(reference), short description, incidence matrix and graphical
representation are presented for every net. The aim of the
experiments was to check the effectiveness of the proposed
method, that is, the execution time of the whole process,
presented in Section IV-B.

Table II shows the results of performed experiments (only
benchmarks containing at least ten places are listed). The
particular columns contain the following values:
• Benchmark - name of a net (sometimes truncated).
• |P | - number of places in the net.
• |T | - number of transitions in the net.
• Number of SMCs - number of components in the decom-

position.
• Number of NOPs - number of supplied NOPs.
• Time - run-time of the whole process.
If the concurrency graph of the net is not a comparability

graph, the proposed method cannot decompose the net, so in
such cases, the number of SMCs is undetermined (−−).

The obtained results indicate that the structural concurrency
graph belongs to the class of comparability graphs in case of
94 benchmarks (out of 111). Furthermore, the non-operational
places cannot be supplied for only two benchmarks. Such
a situation was caused by a difference between structural
and behavioral concurrency relations. Summarizing, 92 of the
examined nets (83%) can be prototyped with the use of the
proposed method. In the rest of the considered cases (17%) the
concurrency graphs do not belong to the class of comparability
graphs; in such cases one of the known methods should be
applied (e.g., described in [10], [20]–[22], [31], [64], [73]).

VII. CONCLUSIONS

An idea for prototyping of concurrent control systems
specified by the interpreted Petri nets is presented in the article.
The main advantage of the presented method is the obtaining
of minimum decomposition of a net into the sequential com-
ponents in polynomial time. The computational complexity of
the whole method is bounded by O((|P |+ |T |)5).

The proposed technique applies comparability graph theory
and includes new algorithms. The method can be applied to
the nets with a concurrency graph belonging to the class of
comparability graphs. The performed experiments show that
most of the examined concurrent control systems satisfy this
condition.

The main original contributions and results presented in the
paper can be summarized as follows:
• The formulation of a novel algorithm for recognition of

comparability graphs (Algorithm 2), supplemented by its
computational complexity analysis.

• The formulation of a novel supplementation algorithm
(Algorithm 4) of SMCs by NOPs and its computational
complexity analysis.

• The formulation of a novel polynomial time decomposi-
tion method of concurrent control systems specified by
the interpreted Petri nets and its computational complex-
ity analysis.

Future work is going to be directed to the application
of the obtained results to prototyping of concurrent systems
implemented as reconfigurable controllers. The newest FPGA
devices offer a mechanism called partial reconfiguration that
allows reprogramming of selected portions of the system,
without stopping the execution of the entire device [65], [71].
Such a process requires decomposition of the controller, which
can be handled by the method proposed in this paper.

TABLE II
THE RESULTS OF EXPERIMENTS

Benchmark name |P | |T | Number Number Time
of SMCs of NOPs [ms]

np5 10 5 – – –
pascal reach 10 8 4 4 0,23
speedway 10 7 3 2 0,13
dataflow computation 11 7 – – –
lnet p5n1 11 9 3 2 0,21
oil sep cov s net v3 11 11 2 2 0,13
pnbrexpl 06 11 9 2 1 0,14
pnbrexpl 07 11 12 3 2 0,30
pnbrexpl 13 11 9 3 2 0,25
four philosophers 12 8 – – –
inv exp 3 4 12 4 3 0 0,23
lnet p10n1 12 9 4 3 0,40
lnet p6n1 12 11 3 2 0,34
frame manufact 13 10 4 3 0,26
lnet p2n2 13 7 4 6 0,22
lnet p5n2 13 11 3 2 0,40
pn campos silva2 13 12 – – –
pn campos silva7 13 13 3 2 0,39
pnbrexpl 02 13 10 4 3 0,29
pnbrexpl 04 13 13 3 2 0,28
pnbrexpl 08 13 11 3 2 0,23
pnbrexpl 11 13 11 3 1 0,47
pnbrexpl 15 13 12 3 2 0,49
lnet p9n1 14 16 3 2 0,57
philosophers 2 14 10 – – –
philosophers 2 rev 2 14 10 – – –
pn silva 03 14 10 – – –
pnbrexpl 12 14 13 4 3 0,67
IEC 15 12 3 3 0,40
lnet p8n4 15 16 3 2 0,67
oil sep cov s net v2 15 11 4 5 0,25
mixer one cup 16 13 4 3 0,58
pnbrexpl 09 16 13 4 3 0,67
state space16 16 16 8 0 1,55
s net frame man v1 17 16 4 3 0,32
pn campos silva6 18 11 – – –
mixer 19 15 – – –
s net f man v2 mod 19 18 4 3 0,49
milling 20 16 4 3 1,20
mixer mod1 20 16 – – –
philosophers 5 20 15 – – –
lnet p8n3 21 17 5 4 1,20
pn fernandez3 21 20 4 4 0,42
oil sep cov alfa net 27 21 4 6 0,81
lnet p8n2 28 17 9 11 2,46
oil sep cov s net 29 25 4 7 1,03
well built alfa subpr 30 25 4 5 4,22
s net cpy mm subpr 31 28 4 4 2,88
alfa net cmms syn 32 27 4 5 4,33
state space32 32 32 16 0 13,14
lnet p4n1 37 41 1 0 0,24
lnet p7n1 41 32 9 9 13,24
state space48 48 48 24 0 52,75
cn crr7 56 15 28 21 48,77
cn crr15 120 31 60 45 687,8
cn crr25 200 51 100 75 4367
Average 11,3 8,78 3,31 2,85 0,36
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[67] R. Wiśniewski, A. Barkalov, L. Titarenko, and W. Halang. Design of
microprogrammed controllers to be implemented in FPGAs. Int. Journal
of Applied Mathematics and Computer Science, 21(2):401–412, 2011.
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Remigiusz Wiśniewski received his doctoral degree
in computer science from the University of Zielona
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of Zielona Góra. His main research interests focus
on formal analysis of Petri nets and other parallel
discrete systems, applications of the graph theory in
logical design and Boolean algebra.

Marian Adamski received his M.Sc. degree in
Electrical Engineering from Poznan Technical Uni-
versity, Poland, the Ph.D. degree in Control and
Computer Engineering from Silesian Technical Uni-
versity, Gliwice, Poland, and Habilitated Doctor
(D.Sc.) degree in Computer Engineering from War-
saw University of Technology, Poland. Currently, he
is Professor of Computer Engineering.

His main research interests includes mathematical
logic and Petri nets in digital systems design, formal
development of logic controller programs, VHDL,

FPLD and FPGA in industrial applications.
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